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PREFACE

“This technical report consists of publications, manuscripts, and
supplemental information related to the scattering of 1light by bubbles
in liquids and in glass. The emphasis of the report is on the scattering
by air bubbles in water into the angular regions where diffraction makes
essential corrections to elementary ray optics. For bubbles these regions
are backward scattering, forward scattering, and critical angle scattering.
Most of the previous literature on light scattering is concerned with
drop-like objects where the refractive index of the scatterer exceeds
that of the surroundings. The present results should be useful for the
optical characterization of microbubbles at sea] and in water tunne]sz,
or for the prediction of the optical properties of bubbly media. They
should also be useful for laser-Noppler anemometry with microbubbles and
the detection of microbubbles in glass.

Certain phenomena described here should be present for other spherical
or nearly spherical scatterers where the refractive index is less than trat
of the surroundings, for example: air bubbles in ice, water inclusions in
fused quartz (such as those present in varieties of opal glass), ice spheres
in water, and superheated drops in a host liquid. The coarse structure in
the critical scattering region can be present even if the scatterer is not
spherical..,

The first paper summarizes experiments, models, and results of Mie
computations for both backward and critical-angle scattering. Theoretical
results presented indicate t'.at axial focussing enhances the scattering by
an air bubble in water into the near forward and near backward regions. This

enhancement for the forward region, (forward optical glory), is more signifi-




cant for depolarized than for polarized scattering since the latter is
dominated by ordinary forward diffraction. At nresent the experimental
observations of axial focussing from single bubbles are limited to the
backward glory of air bubbles in a viscous polymer liquid. (These are
described in detail in the seventh paper). The first paper also discusses
the scattering efficiency of bubbles and the relevance of far-field compu-
tations to near-field observations of bubbles.

The second paper aescribes the first observations of, and model for,

the scattering in the critical region which is near 83 degrees fu- an air
bubble in water. This paper is included here for completeness though it
was not supported by the present ONR contract. It was supported in part ;

by ONR Contract N0O0014-76-C-0527 (R. E. Apfel principal investigator).

e W

The third paper describes an improved model (which includes both

diffraction and interference) for the coarse structure near the critical

scattering region.

The fourth paper is the first to be published which correctly gives

the results of Mie theory for angular structure in the scattering by bubbles. i
This paper substantiates the model of the coarse structure developed in the ;
third paper. The paper was excerpted from the M ster's Degree Thesis of ;j
D. L. Kingsbury. A supplement attached here gives examples which were not
published for reasons of brevity.

The fifth paper gives Mie theory and model results for air bubbles in
fused silica glass. The paper is the first to discuss the Brewster scattering
angle for bubbles and the first tu give valid Mie results vor bubbles over

the entire (O to 180 degrees) range of scattering angles.

The sixth paper describes comwptter codes used for some of the Mie and

model computations. The codes shown here have been adapted for use on an HP 1000




minicomputer system. This paper is excerpted from the Master's Degree
Thesis of D. L. Kingsbury. For a more complete description o% the Mie
scattering algerithm, consult the paper by Wiscombe3 which is the basis
of these codes.

The seventh paper describes the first observations of backscattering
from air bubbles in liquids. It also describes a physical-optics approx-
imation for the backward axial focussing of scattered light. This model
shows that the intensity of individual axially focussed rays are propor-
tional to a3, while the simply reflected scattering is proportional to
a2 where a is the bubble radius. (The total backscattering is not
simply proportional to a3 due to the interference of various paths;
see paper 1). Polarization and quasi-periodic properties of the glory ave
discussed.

The approximations and physical models described here for bubbices

should also be useful for certain cases in the scatlering of sound from

fluid or elastic spheres. This has been verified by Marston and Kingsbury4

for scattering in the critical region from fluid spheres. Backward axial
focussing or "acoustic glory" has also been proposed for elastic spheres
in water.5
Care should be taken when applying the results of this report to
light scattering by mircobubbles in seawater. Our computations assume
that the bubbles are spherical and that the refractive index of the
scatterer is homogencous. There is a natural tendancy for the gas in
microbubbles to disolve in*o the surrounding 1iquid.6 There is some
recent evidence that microbubbles in seawater can be stabilized by
substances sorbed onto their surface.7 The presences of a sorbed film

or small deviations from cphericity may alter the details of the
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scattering patterns described here, but it should not ob]itergte the

existence of axial focusing and the coarse and fine structures.

nro

Y A\ )
o m..-.ﬁ.-u,»,(mm.m,._ .

Philip L. Marston
Principal Investigator
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Paper No. 1

Light scattering by bubbles in 1iquids: Mie theory, physical-optics
approximations, and experiments (P. L. Marston, D. S. Langley,
and D. L. Kingsbury) to be published in the journal Applied
Scientific Research in the proceedinas of the IUTAM Sumposium
on the Mechanics and Physics of Hubbles in Liquids. This
paper was presented at the Sympousium (June, 1981).

Abstract

Angular structures in the far-field scattering fron bubbles are

observed and modeled. Mie theory supports a model of diffraction and

interference near the critical scattering angle. A new expression for

the angular spacing of fine structure is derived. Photographs of scat-
tering show some of the predicted features. Application of these struc-

tures to bubble sizing and detection are summarized and the theoretical

extinction coefficient in water is plotted.

Mie computations for bubbles in water also reveal backward and for-

ward glory effects. These are partially manifested a. cross-polarized

scattering. Observed scattering from bubbles in *he near backward di-

rection is found to have a strong cross-polarized component.
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1. Introductien

Equations for the scattering of plane electromagnetic waves by a di-
electric sphere were given by Mice [1] in 1908 and the resulting features
of the angular scattering pattern of drops are well known [2-4]. The Mie
solution, though exact, does not give insight into cither the scattering
process, or changes in the pattern resulting from changes in shape, re-
fractive index, ¢ profile of the incident wave fronts. Reviews of the
literature on light scattering [2-4] reveal a paucity of information about
the scattering pattern of bubbles in liquids where the refractive index
of the scatterer n is less than that of the surroundings n, Consé-
quently we have begun [5-10] a systematic study of the scattering of light
by gas bubbles in liquids. Aspects of the study are: (1) the computation
of Mie scattering; (2) the development of simple physical models which give
insight; and (3) observations of features in the scattering which differ
significantly from both the scattering by drops and the scattering pre-
aicted by geometrical optics [11]. In this paper we sunmarize the main
features of the scattering with an emphasis on the critical [5-7] and back-
scatter [10] regions. New experiments and applications will be described.
These are the first detailed observations of scattering by bubbles.

Mie's solution [1-3] to the problem of the scattering efficiency and
pattern of a dielectric sphere is a function of the ratio m = ni/n0 LIt

is usually expressed as a function of x = ka = Zna/ko where «  is the sphere

radius, k and AU are the wavenumber and wavelength in the outer dielectric.

Optical sources are typically characterizod by the wavelength in a vacuum AV;

we note that k = Znno/xv. For an air filled bubble, n, = 1.00029
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and it is usually a good approximation to take m = 1/n0. Most of this
paper will deal with scattering by spherical bubbles with plane incident
waves. We will gain some insighi however, into which features of the

scattering pattern should be sensitive to deviations from sphericity.
z. Scattering Efficiency

The efficiency factor QSca is the ratic of the total scattering
cross section to the geometric cross section ﬂaz. When ni is real
valuea, Qsca also gives the extinction efficiancy (2-4,12]. Figure 1
compares QSca for drops of water in air with w = 4/3 with that for a
bubble in water with m = 3/4. The computations werc performed using a
slightly modified version [9] of Wiscombe's MIEVO Mie scattering algorithm

[13]. A teble of 0 for bubbles exists [14] which is consistent with

sca

Fig. 1. For a fixed Ay and a given value of x , the diop's radius is

larger than the bubble's radius by a factor of 4/3. Tor the case of

light from a He-N2 laser, Ay S 0.6328 pym; for bubbles in water, x of 10,

100, 1000, and 10 000 give « of 0.75, 7.55, 75.5, and 755 um, respectively.
The salient feature of F+ig. 1 is that for drops Qsca exhibits a

fine "ripple" structure [3,12] but that our calculations of Q for

sca
bubbles do not reveal a ripple structure. For both drops and bubbles, Q

sca

has a broad undulation with a quasi-period Ax =~ w/|m - 1}. This approxi-
mation, which has been derived from the theory of "anomalous diffraction"

[2,3], appears to be useful for both bubbles and drops. The ripple struc-

ture present for drops is due to optical resonances [12] which are attributed,

ir part, to internal surface waves. The absence of such structure for

bubbles is probably because m<1 does not favor the entrapment of internal

surface waves,

10
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3. Critical and Brewster Angle Scattering

For scattering by drops, diffraction is important for the description
of the forwarc, backward, and rainbow regions [2,3]. For bubbles, there is
no longer a rainhcw; however, a new region appears known as the critical
scatteriﬁg region [5]. Diffraction is important in this region because of
an abrupt change in the amplitude of the reflected wave as the local! angle
of incidence 6 changes from 6 < OC for small impact parameters to o > Oc
for large ones. Here ec = arcsin(m']) which is the critical angle for a
plane surface. Figure 2 illustrates several ray paths which lead to a
scattering angle ¢ (the deviation from the forward direction) of 50°.
The number on the left specifies the number of internal chords p; Op and pp
denote the angle of incidence and refraction of the pth ray. The reflected
ray (which has p = 0 ) has a scattering angle ¢ =m - 280. For ar air
bubble in water with m = 3/4, the critical scattering angle is ¢c = W o- Zec =
82.82°. Geometric optics [5, 6, 11] predicts that |de/d¢| > ® as 4 ap-
proaches ¢C from above ¢C. Here Ij is the normalized scattered intensity
defined as follows: the actual j-polarized intensity at a distance R >> a
from the bubble's center is the incident j-polarized intensity multiplied by
Ij (a/R)2/4. For the electric vector perpendicular to the scattering plane,
J =1, for the paraliel case, j = 2. This normalization is appropriate for

bubbles since geometric optics predicts tnat if the intensity of the p = 0

reflection could be considered by itself Ij (9 §_¢C) = 1 due to total reflection.
Our observations [5], model [5, 6], and Mie computations [7-9] demonstrate

that instead of & divergence of |de/d¢| , the rise in Ij is spread out over

2 '-1/“ !2' ..Li
) “(A/a)*] = 144x" deg

the region |¢ -¢C| = Q where O = arcsin [0.8 (1-m
for water. The model makes use of a physical optics approximation which

is to (a) use ray optics

N
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along with the reflection coefficients of a plane surface to compute the
complex amplitudes of virtual waves which simulate the scatteriﬁg, and (b)
use Fraunhofer's approximation to compute the diffraction of the virtual
wave to the far field where R >> xa. Step (b) yields the improvements
over the geometrical predictions [11]. This procedure is analogous to
Airy's model of diffraction near the rainbow [2] . Additional approximations
used in the model are: only the two most intense virtual waves for ¢ = ¢c
are included (p = 0 und 1j; and the divergence of the derivative of the
reflectivity is simulated by truncating the p = 0 reflection when Og < OC .
To compare the model results with Mie theory,* we consider examples of
bubbles in water which complement those previously published [7]. Fiqure 3

shows both theories for x = 100 and j = 1. It shows that there is a coarse

structure in the Mie scattering for ¢ < b, which has a quasi-period g 0 ~ 14,47,

This structure is described bty the model excent in the near forward direction

(o 5 20°).
The Mie result also has a superposed fine structure where the magnitude
of the quasi-period < Ao/a rad. = 360“x-1 . Near b o this fine structure

arises primerily from the interference of the p = 0 wave with the wave due

to the p = ¢' ray in Fig. 2. 1Its quasi-period . may be estimated from the

f.‘
lateral separation bO + b?. of virtual point souwrces which would simulate the
scattering at a yiven & . As shown in fig. 2, this separation is the sum of
the impact parameters bp for these reys. Standard relations for the far-

field interference applied to these sources gives:

Qf(¢) o arcsin[xo/(b0 + bz.)] (1)

*The conversion from the Mie amplitudes SJ (2,3 13) io the Ij is I, =

(21551/0)°.




where bp/a = sinop ; 00 = (n ~ )2, ¢ =7+ 2(02, - 2p2,) and from Snell's
law, msinpp = sinop . Eq. (1) is only an approximation because it fails
to include other (such as p = 1) virtual waves and it does not completely
account for the long tudinal spacing of virtual sources and for how those
sources vary with . With ¢ = ¢C and m = 3/4, b0 + b2, = q/0.825 and
Qf = arcsin (5.18 x~l). This gives 2.97° at x = 100 which is in reasonable
agreement with tig. 3.

Figure 4 shows the Mie and physical-optics results for x = 10 000 and
J = 1. The fine structure quasi-period is ygreatly reduced; Eq. (1) gives
Qf(¢c)'~ 0.0297° which agrees with the Mie result of 0.03”. The amplitudes
of the coarse undulations (9 ~ 1.4°) decrease «<lightly with decreasing & unti)
v =~ 75°. A graph of I] for ¢ - 75 shows coarse undulations increasing

in amplitude with decreasing <. The explanation is that tor x = 10 000,

with ¢ 5 75" the coarse structure is primarily due to diffraction of the

p = 0 wave [5] but for ¢ 5 199 it is primarily from the interference of the

1]

0 wave with p > 0 waves [6]. Plots [7] of 12 for this x also show

this. transition and that fine structure is significantly weaker when j = 2.

P

L

Figure 3 does not show the transition because the diffraction region (4 - ¢ 2 )
\.
overlaps the region where interference with the p =7 wave is significant.

As approaches the Brewster andule, ¢ = arctan(m), the reflectivity

% b
of the p = 0, j = 2 pnlarized ray vanishes [2]. Consequently, according to

geometric optics, there is no contribution Lo 12 from this ray at the Brewster
¢8 = - 2“8 = 2 arctan(m-]). Becavse the reflectivity varies
diffraction is less important than ncar ¢c. A coarse miniimum

scattering angle

slowly near Py

is evident in the Mie 12 near by for bubbles in glass [8] and foi bubbles

o

in water where ¢B =~ 106.3°. When x drops below 5, its location shifts toward
90°; the scattering pattern approaches :thit of » dipole radictor predicted by

Rayieigh scattering theovy [2, 3, 8].

13
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4. Observations of Critical Angle Scattering

Previous observations [5] were limited to the ¢ region where the

coarse undulations decreased with decreasing ¢ . We have a new apparatus
similar to that in [5] except that it permits observations with ¢ down to

70°. As in [5], bubbles were attached to a vertical needle in distilled

water. They were illuininated with a plane wave from a He-fle laser with

AV = 632.8 nm. They were photographed via a window with a camera focused

on infinity to place the film in the far ficld., Because of a technical prohlem,
we have not obtained precise direct measuroments of ¢ in the (horizontal)
scattering plane along with the photographs, however, we have demonstrated

that Qf(@c) from Eq. (1) gives an « which is consistent with the observed

and modeled coarse structure. Thus the  valuos quated in Fig, § were
determined from the coarse and fine structures and not from direct observations.
Figure 5 serves more to illustrate phenoicna described in Sec. 3 than to rig-
orously test the modeils with real bubbles. The angle scale is for & ¢

change in water. The horizontal displacement is not exactly linear in ¢ due

to refractive corrections at the water-window-aiy interfaces. In Fig. 5(a),
the broad bright region on the left is the first ccarse maximum with & < ®c‘
On the right, the coarse undulctions increase in amplitude as ¢ decreases,
which is the modeled behavior. Fiqure 5(b) is for a smaller bubble (veritied

with direct observations). The coarse undulations ave spread out and the fine

structure is clearly visible with Op 0.07°.
5. Backward and Forward Glory

Backscattering from drops is kiown to be enhanced by the axial focusing

of certain rays [2, 3]. A complete description of this "glory" for water dro;s

14
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is complicated due to the necssity of including surface waves [15]. We
have observed and modeled backscattering from air bubbles [10] and find that
sorie aspects can be explained with a physical-optics approximation that does
rot include surface waves. For the following discussion, it is convenient
to define y =m - ¢; y = 0 conrresponds to exact backscattering.

Computed Mie intensities show that backscattering from bubbles may be

f

significantly larger than that expected from reflection of the p = 0 ray.

For vy = 0, the pldane of scattering is no longer defined and I] = 12 = I.
vigite 6 shows several broad peaks in [ which ar2 significantly larger than

n
the normalized intensity of the p = O reflection which, by itself, is (m -1)%/
2

(m+ 1)% = 0.02. Other axial (e.g. p = 2) rays are too weak to explain the

magnitude of 1.

For polarized incident light, <catterino near y = 0 may be described in
part with (non-cross) polarized I(]) and cross-polarized 1(2) normalized in-
tensities. For I(2>, the plane of polarization is rotated by 90° from incident
polarization; symmetry gives 1(2)(7 = 0) = 0 while I(])(Y = 0) = Ij(Y = 0).
For y # 0, the I(F) depend on both vy and the angle ¢ which the scattering
plane make . with the incident electric vector.* Fiqgure 7(a) illustrates the
computed scattering. Geometric models of I(])(y = 0) predict that the con-
tributions of off-axis (p - 3 and 4) rays diverge as y - 0 because of a factor
which accounts for focusing. This diveryence is present in previous ray models

(111, but was not discussed; it is also present fordrops [2] for certain .

Because of this divergence, diffraction provides an essential correction to

ray optics.

*The conversions from the compics Mie awnlitudes Sj to the I(f)(y<<10°, ¢)

: E— 2 2 . . %
are 17 - s -5 00521|?/x and 1120 |S+31n22;2/x2 where §7 =
S]i 52. Evidently the * dependence of Eq. (2) is ot the correct type.

15




The scattering due to the p = 3 ray in Fig. 7(a) (insert) is a back-
facing teroidal wave front which appears to originate at a virtual ring-

1ike source known as the focal circle in the analogous {2] p - ? scattering

from drops. This source at point F 1is ringlike becausc the figure may be
rotated around the optic axis through tlic center C. for large x, the ]

stationary-phase approximation of far-field diffraction integrals gives the

]
following proportionalities for otf-axis (p>2) contributions to the I(f) §
taken separately: 5

1(]) « x[{cy + ¢,) I (u) + (cy - ¢,) 4, (u) cosZ{]? (2a) ?
(p) 1 2’°°0 1 '

(2) . e 1

I(p) x[(c] c,) Ju(a) sin2i] (2b)

where the c¢. are combined Fresnel reflectivities and transmissivities of

the j-polarized fields, u = kbéfﬁllY , and bé the iupact parameter

x» . the unnormalized

is
of the exactly backscettered pth ray. Because IE;; B
. \

intensity is proportionai to k.~ while that for the p = 0 ray is proportional !

2 . ‘ . . o
to ., . Consequently, off-axis waves are dominant when + 1is sufficiently

large. It i evident from Fig. b and 7(a) that the modeling of I(L) may re-

quire summation of clectric Uields from several virvtual sources. (In physical

optics, intensities do not add but fields do.) Interfercnce of various ring-
like and axial virtual sources depends on x and could lead to the broad struc-
tures in Fig, 6. Detailed computation of I§;g (y = 0) give magnitudes suf-
ficient to explain the Mie scattering. Due tc the Bessel functions in Eq. (2),
the actual scattering should be peaked at or near y - 0.

We have observed backscattering from singie air bubbles in a dinethyl-

siloxane-polymer liquid which were nearly inmebilized by viscosity. In these
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experiments, m'] = 1.403, xv = 632.8 nm, a - 0.3 - 0.8wmand- x = 4000 -

11 000. The far-field cross-polarized intensity had a dependence on y and

£ similar to that predicted by Eq. (?b) with p = 3. Equation (2b) predicts
tnat when both siny ~y and u »> 1, the minima in Igg% should be spaced

by &y ~ (kbé)u] radians where b; = 0.4472. The prediction correctly
described the ubserved £ = 2 scaltering which is apparently dominated here by
the p = 3 virtual source. The focal circle was viewed by focusing the camera on
the bubble. Theg = 1 scattering was not dominated by a single class of rays.

Cross-polarized scattering from a polydispersicn of bubbles in water has also

been seen.

Figure 7(b) shows an enhancement of neav-forward cross-polarized scattering
due to axial focusing. Focal circles due to the p =2 and 3 rays larqgely
contribute to the { = 2 scattering. The forward ¢ = 1 scattering is dowi-
nated by ordinary diffraction [2] when x is large. Mie theory gives I<])v 107
when ¢ = 0 for the x and m of Fig. 7. Forward optical alory has also been

displayed in Mi» scattering by water drops [16]. Its description is complicatod

by surface waves.
5. Discussion

Figures 3 - 7 demonstrate that for several angular regions, the intensity
exceeds that of geometric scattering from a perfectly reflecting sphere of the
same a (for which Ij = 1). This information should be useful in optical de-
vices which size or detect bubbles [7, 17, 18]. Due to diffra-tion near b
it is preferable to detect scattering with z @C - & than to observe it

with ¢ = 90” which is the usuval practice [17] for bubbhles in water. For an

unpolarized source, the normalized total scattering is (]1 I?)/?.
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Though this paper has emphasized the far-field ¢ dependénce, the
results are also applicable to the imaging of bubbles. For example, if it Q

desired to resolve the virtual sources of the p = 0 and 1 vrays in Fig. 2,

the aperture of the imaging system should have an angular width 2. It

is easier to resolve the » = 0 and 2' virtual sources since the angular

width requirements are reduced to Qf. Resolution of identifiablie virtual
sources reveals the size o7 a bubble.

Fine structure in the far-field scattering, snch as that shown in Fig. 5(bL),
arises from the interference of widely spaced rays. Conseqiuentiy the positions
of the maxima will be quite sensitive to changes in the bubblie's shape. That
part of the coarse structure due to the interference of p = 0 and 1 rays
will also depend on the shape but more weakiy. As is the case for drops [19],

thiese shape dependences may be useful for detecting wechanical resonances.

Scattered intensities for bubblec in water prrrorted to be from Mie theory

have beer used in a study of cavitation nuclei {17]. Comparisen of our Mie
results and model of the coarse structure (whizn are consistent for the o ir
question) with those in [17], shew that the latter err sigqnificantly. Plots
in [17] predict coarse maxima at ¢ = 100" for « =5 ym and ¢ = 120" for

a = 7.5 ym which are not present in our Mie computations. Ve cannot find any

physical justification for coarse maxima at these 4 for x near 100.

We are grateful to W. J. Wiscombe for providing the initial comnuter

program from which the program used here was derived., This yesearci was
supported in part by the Wishington St te University Research and Arts

Committee and by the Office of Naval Research. P. L. Marston is an Alfred

P. Sloan Research fellow.
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Figure Captions

Fig. 1 Scattering efficiency from Mie theory as a function of the size
parameter x . The solid curve is for drops and the dashed curve is for
bubbles.

Fiq. 2 Ray paths for a bubble with m = 3/4 . The number of internal
chords p is given a prime if the ray enters the hubble below thz center-
line.

Fig. 3 Logarithm (base 10) of the normalized scattered intensity pre-
dicted by Mie theory (solid curve) for x = 100. The dashed curve is the
physical-optics approximation [6] of the coarse structuie.

Fig. 4 Like Figure 3 but with a linear scale and x = 10 000.

Fig. 5 Photograpns of far-field scattering for (a) the bubble ridius

o 880w (x - 6360, 0 - 1.3°) and j o= 2y (b) oo 330w (x - 4370, o 2.

(]
~

and j = 1. The critical scattering angle bc is near the left cdge of une

photograph; ¢ decreases from left to right. Coarse structure is manifest !
! as broad vertical bands. The rings are artifacts.

Fig. 6 Hormalized Mie backscattering from a upherical air bubble in water

(m = 3/4) plotted as a function of the size parameter x; for green licht,

a = 200 um, !
Fig. 7 Normalized Mie near-backscattering (a) and near-forward scatlering
(b) for m = 3/4 and x = 3040. For clarity, the computed 1(2) was multiplicd
by two in (a) before plotting. The inserts illustrate some of the significant

rays.
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Paper No. 2

physical optics approx-
wation (v L. Mar o mong J, Opt. Soc. Am.

Critical angle scattering by o bubble:
imation and observa
69, 120H-1211 (1974) [An coror o trnn\(ivtigpf noted i
an Ervatun published dn J. vpt. Sec. w70, 353(1950), hac
been corrected in this veproduction.]

Critical angle scattering by a bulsie: physical-epiics
approzirnation and obscrvations
Philip L. Marston
Departn.ent of Plosien, Washington State Unveersity, Pullman, Washington 99164
Department of Engineering und Applied Scivnee, Yale Universuy, New Haven, Connecticut 06520
(Received 3 Februnry 1979

The intensity of lght seattered by an osir bubble in water s predicted by the grometric-optics
caleulution of Davie (19561 to have a divercvent anmder derivative as the critical soattering angle
¢, ia approached. Bitecta of diffraction vy the anpular rojion near & are desented  here. The
Fraunhofer diffraction for seatterine ancdes o o estimated using a siapidied physical-optics
approximintion A rivging wool decay of the g field iatensity v peedicted that w formadlv o to
the near-field diffraction ot g «ringht cdre Obe svatton of todlimeter radivs Lobbleo oy water with
collimated monochromaticiiununation contivi the exasteree of this rngmne wl ch hasa qua i period
~ 25 mrad. The diffraction caleulation mives nn approexemate deacription of tae relative ¢ of the
obgerved maxima and imimnma. Fringea with o lower contrast and spacimgg =~ 0} mrad were also
observed; they appear to be caused by the e rference of rays with disunet paths. Implications for
the critical angle scattering of white hight are discussed.

ot the reflection coctticient and the extent ol crseprme wave
front vacld an ovpression for the seatterny in tae ar Held that
= simdar in torm to the Presnel inear tield it raction by g

traccht edoe Obaervations reported here of the coireringe

INTRODUCTION

The purpose of this paper is to present meas e nsts
and an approsimate theoretical descripiei or ditteaction
phenomena observed when hehticscotterod near the erttical
angle trom a bubble with an interior retractive tadex b than theory,
that of the onter medin, The optical wav el nethois assumed seattering trom other carved surtace: such os thar of a evlin
to be very much less than the vadius of the nearlv sphocal der provided thar the vomeple tadin o carvivrure are muoch

bubble. Approximations given here concernnyg the behavior

Iy aoubble inswater Supprort some aspects ol tes stuphited
The treatment may be readilv extended (o inelude

coeabor than the woselengt ot hight,
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FIG. 1 Yot retlecton o the
plane of seattenigg of a oy with an
Hnpact parameter o kirgor than
the crtical ampact patiameter b
Only one quaitant of the cross
suchion of the bhutible 1 shown

Davis! calenlated the angular distobution of the intensity
of light scattered by anae hubble inw e tram g eollimated
incident beam. The calealation swas baced onpeometme optues
and the Fresnelrerlection coctiicn nt ot i boat plane mite
faces; caleulations of this Lype con finte an approsimataon
that is useful only when the radoes of the hubble a e very
much greater than the wavelength i the outer ivedoa b e
the scatteri angle doot aorae denote the desation e le of
the scattered ray trom the dircction af 1 ancide ot panadled
beam ot yavs teev Fg 1 A Simibeant feature o Dy cal
culation s that there shonbd b avrapt dedreee i the
seottered intensdy when the woatternes e o execeit o,
where

o, om = 2 (1)

sinft, = n ! (2)

and n = (n,/n) > 1, 4, and n, being, reopoctinet the re
fractive indices ol the outer and the miner medra.

Figure 1 illustrates the physical origin of this predicted
decrease. Consider how the ancle of inodence at the hubbie s
surface @ varies o the impact parameter of the raw fomgreise,
Rays with an impact paramefor i excess of g eritwal value b,
have 0> 0 where # given by B 00, s the eritieal angle tor
a plane intertace, According to the goometrie optics ap
proximation, rans with & b wec 0 0 wall be totally
reflected. Rave with 0 < B will he partdly retlected ae
cooding tothe magmtude of the Frosnet vetlection coettioients
and this partid retlection teads to the ahrapn deeren o the
seattered intensity for g~ Prvos eateatated woatterning
intensity ab=o melides the multiple tetleoion and transnine
stonof the rays with impact pacuneters oo b "The ravs thint
peretrate the spheresued are partially rellected contihute to
scatte  ng foethe entire range of 2 however, thes donot ob
seure the distinat deerense in the seattered mtenaty for 2
b Thisis evident tromoe ol prediconon e Tof Ret,
1 for the intensity of ancair babble iy et boeeg, ~
B2 R g alao enidentam the corre poieiime predichions tor
bubibles o ather hguads Tl ol Rec 200 Phe annenaaty
contribution of the multiply retiected and refeactcd rasowal)
be amitted in the treatment presented here sinee we e con
sidering only the ettects ot ditftraction on the seattered i
tensity for small o = o1

The caleulations ot Davis predictthat dbsd s diseontin
uous at ¢, where Ltad s the tots' woattered ntonsity, bt
Craction of et wsl not pernat oLy to be docontimnous,
The method procented here soaaiapne aeihod tor estinating
the effects of dhitfeaction nthe regron where oo o oo omall
First, the approximate shape of the sictual wove tront eeeal

1o Jo0pt Soec Amg, Vol 69, No O September 1909

culated peomatrcally tor those ravs with b > b, Rays with
b < b, will e onntted coee See T The virtual wave tront
is then moditied by g phose correction due to the phase shiit
of the mnmodaban Foe nel onphitude retlection coetficients
for o = b Uhe mochited wan e front deserihes the apparent
wourec vieved b obeenver L frorg the bubbler the
Frovnhoter ditton ton of the wave pives the desared ap

proximatiion- tor the wtteomeampaade and imtensaity

Thewa e teont o coonued toextend over a bt plane and
is not linated by the fuate size ot the hubble, Thec treatment
resembles Ay didfraction correction to Descartes” oo
metric optues treatiment ol the rainbow canstic.t - Fven
though Ainv ' approvmation considers the virtual wave front
to be ot rlante extont cand o diop must be finite), it s usetad
tor the domiant polarczation when the radius of the sphere
cxered the wavelonsth by s factor of approsinutely 2oud o
et apated teoat omve strogrent eritersoon may delineate
thie ranee of v e b o the approyinaQons ;m-.\t-nlvd here
tor ditleaetion Sec o benble iy ine repaon of eritieal angle

Nea remes G cteniny ol whate fight by an oy
Babiode to gt v o cated by Geleer (e af et 7y Thes
b tanatede et ol e e trie opties ol a r;l|li(| de
e an [0ty the e obsahote liehtand the hanved
aneabar ces sbmon o the mee caace ment. ncthe them s Gible
tor comyg e oot s beaeton theory The abservateon
with bser o on reported here i Sec IV idicate thia
the compde Tt boes theeey saves actaie deseription oi the
refative posation o 0t e and oo of the mtensaty

1 the re don el o e scatterimg

I. CURVATURL OF THE VIRTUAL WAVE FRONT

Frrose 2ol o Cartestan conrdimate systet used in
the description of the satoabwos e front. The orgn s chosen
toue the poontwiore the tas waith b b contiets the sphiere
and the v aviscopanadtol to the madent rave Pomts (rvton
the virtoal s tomt are obtaaned by extendig the peo
metrne ol determed scattered ray hackward o detane 4
trot thy ponit ol et a oot et Toothis coordinate v o,
the warbace of the Hobile e the plane of scatternmy vodecnbied
by the poit ¢ i wnee v B e g b
f b, and s the radurs o the buhble, Caloolatnon of the
slope ot the seattered o oves the Tollowiny paranetre
cquations tor the virtaal e front:

LT D R D NI TR B R
[TV 'Y 6 B BT I (4]
¥ 0
{w .
D .
" 4 - -
| /
“ /
o /
S
h /"‘ 1)
b b, S
-/ e
Q Te -y

FHGD e ahon ot the geonetng rocedure tor locating the comrdinaten
oyYotapoal Gaorthe grved vabc wave loont The upper hine of length
hoy paraliel tothe vave, Ao o the detance between s pont of contact
with the bhunbhe - et e it cae d th s and the pomt (0 The rotated
coondingtn e o e mbrgdoe ed 3o iciitate e Taylon expansion of the

wave frot
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m =t = tan|2 con b/} (h)

The caleulation of the ditleaction eoacihitated by descntang
virtual wave fronts using conrdmates fze) which have the
same origin but are rotated clockwoe by anangle ¢ '2) - o,
so that the posttive ¢axis s the path ol the seattered entieal
rayv predicted by peometne optic.
rotation transfornution pive the tollowing expression tor the

Fgration ¢h) and the

new coordinates of the virtual wave front;
w=xsin? 4 veo (6)
vF =x con20, 4 v osint, (7

i'o obtain a Pavler expansion of ¢ () about ¢ = 0, the fol
lowing derivatives were computed tor 0/ = 00 divsdu = py
ana dCedda =g dpdt s pg Yedg Vi where puh e
and ¢ (1 = du/dt The calenlation of ;oand g veed the rely
tion 6 < asinffwhichisevident from B 1 The teem ot the
Taylor series which ~ linear o vanshes becanse of the
coordinate rotation; this i~ evidenstance o0 oand gy
= acosfl, Omission ol cubie and laghier order terme i the
Taylor series gives

v ool (¥)
a=—1/ucovli. (1)

For the case of an air bubble in water, numerical cidenlations
show that Eq. (8)is within 10" of the vadue of (e predicted
by Eqgs. (D) (D provided that 0« < 007a To the caleala

tion of the ditfraction that 1ollows, o (30 wili be used tor the
region w2 O (Alry's treatment of the rmmbow also retains
only the leading term in approximating the virtual wave tront
butin that case it isa cubie tern) - Phe sign ol rcindicares that
the reflected wave is diverpont.

. AMPLITUDE OF THE VIRTUAL WAVE FRONT

The physical optics approximation' rvalves: o) the
apecification of the polarization of the vacident wave; and. v
the use of the retlection coefficients for o plane surtace to
apbroximate the reflected tields At cach point on a carved
surface. In the applicanon of the techimgue that tollow, the
incident wave has an electoe tield polarization either entirely
perpendicubiar to the plane of ~eattenine or entirely parallel
to ity a subseript ) will be asaigned the vidue Vin the foea caee
and 2in the secomnd (A Iinear combnnation of petlected helds
may be used tor other cdent polarizations )y Foadvaant
observer, the retlected wave appear o cote from wovirtaal
wave described by the following complex amplitade ar points
on the u axis:

Ut ) = et b, (o)

where: ¢ = v <1, wis the angulive frequencov, s the time, 4
= 2x/A, Nis the wavelength in the corer sacdwm and e ovhe
amplitude reflection coetticient of o plane surtace tor the angle
ol incidence 07,

costl - (n - sty
ry = : N } i
cost 4 (" = ancih!
—n Ceost 4t - a0
Pom e e N
noCeont F (- s oY

Retlection torh = b where b, - b Ca can bedeseribed by the
tollowing approvmations that e the feadhng depenciene

1207 A 0pt. Soc Am, Vol GO NG 0 September 1070
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ofriandroone =0 =020

ro~ 1= (Be/ncosh, )2, (Y

ro~ =14 n“Be¢/ncoshh )12, (14)

ancd i each cise Jde/di} o Y When ) >0, the rellection

coelficieats are unimodular and complex; they are ry =
expl =16 and ro = —expl—=id,) wherot:

tan(d,/2) = (sin¥ — n" )V /cosh, (15)
tan(6,/2) = n? tanid,/2). (16)

Reflection tor b = b, where b ~ b, << a can he deseribed by the
fol' iy approximations that describe the leading depen
dencesof dpand o one’ =6 =4 =

Ny o~ (B eash e umn
Do~ (B cast), N, (15
Approximations for v in terms of ¢ may be obtained using:

-t~ /gty Forw = 00 Egs, (07 and (18) give o, ~
st where

By = (S 2icasd), (1w
By = nig. 0

The wpecitication of 7tV is turther simplified by takine r,

re=gtar b Dand equivalent!y for e <05 the use of ths
approximadion s motivited by the divergences [dr/d? and
dhfderas e r0and o o0 s FO, respectively

IN. FRAUNHOFER DIFFRACTION PATTERN

The seattecimye amplitude at Large distances from the bubble
is proportional to the Fourier transform of 7, exp(~thau~):

f,(m = f ‘ e kGt =nu gy (21)

where no= g = ¢ Lanangle of the obscervation point relative
to b s assumed to be small o tha sing ~ 3 and constant
magtude multipheative factors that precede the integral
have been omitted, The approximation deserihed in the
preceding wections vield the tollowing exp ession for f,

. v
/' = 4 ’ it BLITER X T KT AT 7|d“ (94)
; ‘ on
YAl

swhere, here and i the equations that fadow, the upper sin

s or polarization 1 Tand the lower one i tor gy = 2,

Fvestuation of Fog 200 4= freditated by acchange of variables
that completes the partiad square formed by tau® + puo
Dretine s =400 G- whete

= alta/Ay cost |0 (2:3)

We will approxmate the integeal onlv for 0 < o< p, which
corresponds to the revion predicted by ceometric opties (o he
strongly Huminated: this restiietion gives e 2 00 Kquation
CID may then be written as tollows: f, = 4 (acostl ) g2,
where

FURSITL B IR FARA oY f-(.——ngJU,U)‘.:(n/’,')t’d:' (24)
I T T P e L [ [ 0. Rt A LRI ST

7
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In the exponential that precedes the intepral, §, (w,0) is
evaluated by the appropriate variable substitution in Fe. (20),
(0 replaces «and w replaces o0 phvsically, -y G0y s the
approximate phase shift assoctated with e, of the geametrie
ray scattered to the obaervation anele o The second term in
this exponential anses trom the completion of the square,

We now examine the condition for omitting the
expliy, (oo tctor withi the sntegeals when thes simphfi
cation is permissible, the integral mav be estimated using
Fresnel imtegealss 10V o) is asatbicienty <lowdy sarving
function of 2, the principle contribation of the inteprand oc:
curs when {2 9 2 because the phase of explita 72027 is sta
tionary at 2 = 0. (For s luerd diceussion of stationary phase
2 2],

approximations, see Segel™) Forw -0 0 2w and 2
itis evident that [, Caer] < G000 consequentiv the factor
in guestion may he omitted it the radis of the buhble s sut

ficientdy birge that ¥ 200 <« 1 For evamples water hasn
~ L and visdhle Bigght from o He Nee Bser has aowavelength
inwaterof n "O6323 g For polarization Tt condinon
oy, CLO ves /A gt s b and for polarization 2t gives
(a/500 ! s L where Fogs e 00, 0200, and €200 have also

heen used.

<

After some tearrangang, the reault of this approximation
may be writtenas tollows

g= et ¥t nHl.-n»rlu;“.'(“ )~ Iy .‘)I, (26)
where Fue) is Fresnei™s integral!™

Ftwe) = J e Oy Sy, 27)

u ’{
r cos ( R "') -, (%)
Ju \2
« .o n N
Ste) = f sin ( ; ) d., 20)
" J

and C(-=») = S¢-») = U For any state of incident po-
larization, the Tollowing factor gives the dependence of the
intensity on ywhere g* s the complex conpigate ol g

("w)

3

gt o= (Cld 4 ] 1 [SG) + ) (3th)

The normalivation ased in Fgs, €21 and G0 issueh that gt
s das G~ o) becomes Lrse and positive - As expected, pps
s Oasd -~ o, becomes Leee and positive, however, the repion
< Os out of the range of the salidity test for the approxi
mation used modensing Fg. Giom

Davis' analysis! ol the geometrie soattenmge mav be used to
obtam the norabizaton regquired o exprees the almolute
intensity £ assocated with the petlected rav ot o distanee R
> a from the center of the hubbile:

D=1 a/RYy padis, (31)

where Ly is the madent imtensity and g2t /% U for barge o
sothat B th comeides wirh o, 03 of Reto i the appro
priate ot Furthermore ol the interterence between the
totally retlected ravs and the mualuply retlected ravs are
amitted, the total intensity £, becomes

o= Tota R gt v b Gte], )
where (70 s the total contribution Hhy the mualtiphy reflected

riavs. Foran sir bubble sewateritununated by unpolanced

1204 J.0pt Socs Amg, Vol 6%, No g September 1070
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H1G 3 View ot the apparatusan the plane ot scatienng which was hote
zontal w the Lt catory - The bhotom of the bubble was in contact with
nacdle that prevented the tembile fromtlosting out of the sCattenineg plane
The tnp of the bubbie (whinchoey the side dispiayed here) was viewed by a
microscope  The wavelengih m ar of the diumination was 632 8 nm

light, ‘Table 1D of Kot 1 shows that 67 is a smooth fanction
ol dloronen Ao that €70 = KA = 00027 and (7

(7h%) = 000 0 Consequently G for an air bubble in witer
s approvimatels 1 to o the asvmptotic value ol s X

Faguation i annla o oo to the well-known ™ Fresnel
triear freld ) ditiractan by o stoavdhitedpe where the param-
eler i e Ut case proportional to the lateral displacement
of the abewervatee poae from the edge ol the preometrie
shadow  For both case inthe region a2 0 the intensity s
predicted toosailate with an oseiflation amplitude that de
creases raprd by with mereasing i This behavior is predicted
for the fur telo catenary of aobuhble beeanse of the abrup
varintion i the vonsphtade of the viectual wave tront near the
critical anple and because of the cirrature of this wave front
induced by the reflection from the enrved surfiee,

From the adorementiosed hound an =] for the principle
contributions ol the imteveal i Fg 020 we can estimate ton
the @ region of interest, the verors iotroduced in the ealenla
tien of the 5, trom B CEY and (200, T the intervab 0+ 5
<X B O predicts two imtensity maxima. In this resmon
the privciple contnibutions oceur with O < e €, = 10 4
)N T with a0 With the atorementione:d A
and with o e thes estimate fives tpae ~ Db um. A\
compatison of Feo cbnywith oy eateulated using B, (1 and
this o showsthat the covormtroduced i oy s fess than 370 A
simibar compars coot b 218 and GO pive a bound forthe
Concegqunnt v the use ol o, ~ et s jus
< a, the upper it ol in

errorm et At
tlied  Foetbormore e g
tegration i Fo e hoabbvvesowe etal approxiumation, The
nuain o e o the approximaties deserthed e see
U che comaeon with experiments deserthed an the

section that (oflow

V. OBSERVED SCATTERING

Threy section B onbe photosraphie observations of the
eritreal e canatone m the soattored intensaty predicted
nthe provions cctons Eoaore D ahow < a dineram ol the ap
paratus  Dealted water was plhwed moan alunnmn con
tainer Theomcs wallc ol the container had heen black ned
so that thoy aboarhed nch ot the steay hght. A steel needle
passed verticadly throneh o rubber <eptum in the hotton ol
the contamer “Phe other end ot the needle was connected to
sy e that contamed airs Horizontal holes 1Y e da
aneter oo thrensh the walls ol the continer it right an
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FIG 4. Photograph of the: cntical angle B Lot dities tooegm o g
bands hive a charactenstn: separaticn of approxeratad, 5wl thev oo

polatized with ats electic finkd parallel to the scattorma plane

ples. These holes were sealed with O ringecto precentwat

leaks and were covered by antiveflection coated voand vee A
hubble could be creared at the flat tip of the noedle by de
creasing the volume of the svreinge: this hubble wics stabl

provided its voltitue was kept sufficientlv mall - The bubble

was approximately spherical ot centad v o
discussion of the stability of bubbles saspended tron e edbe
see Rol. 110 The base of the hubhble wasom contaecaathohe
needle during the observation

The polarvized beam from a 6 mW He Ne Lo was o
panded to produce an & mm diam parallel beara The ey
panded beam passed normally and horzontadiy throagh one
of the windows i such awav that the central ravs ol the beam
passed close to the center of the bubbles A canwro viewed the
bubble through the second window. The needie ind thenner
wall of the aluminum container were Hliachened voecdnee th
intensity of stray Lght thae would have otb raciae obeneed
the scattering of the bubble. Tight seattered by the bbb
near the eritical seattering angle had anande of ieidence ot
the water-inwdow intertace of approximately e oo
This light is refracted at the window air mverface
camera telephoto tens (Nikkor Q. manutactired in Nikon
Ine) had an effective foeal Tength Fot 20 e The dens wa
placed with its axis horizontal and approximaarely paralicl te
the refracted critical vove. The polarzation ot he mncider
monochromatic light was vsiadly chosenwath the electie tield

parallel to the seattering plane that correspond e the
preceding analvse. This choice for the pelaranonees the
greatest magnitude for the coethicient of b o g 1D

Consequently it gives the most raped decrease tar [ | with
increasing + and it should he the polarization tor whichi the
omission af the wave front with o <0 in B ey will prodon e
the smallest error in the predioted sentterioge. Phe dionerer
of the bubble in the ~catterime plare voa o vnred wath o
microscope located 1o the air diveetty above vhe brbhid,

Photogeaphs were taken with the camera lens focied o
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Lot

[RSINTET [ : AUt decreasas Stontiett to nght. The vertical
" Coon, Ut ety s e by ditfrachion The incident beam was
b that the i plane was at the optical transtorm
pocet tie dens Lty 7 g owhere o and o, " denote

e e i o onade thee eellvhat correspond 1o g and
e vt Consogeent i merenments i the distance

G et aaephos sepatine gee velated to the inerements
Chon N Do Mo P Nomenieat calealation of the
e gl and e water i fnterinees show
nto oy mee be relaved 1o the corresponding An'
ITRERYE o N wih o neginable error. The suecess of this
v thod rcfies oo the choree of the phine of the viewed window
o hthad i e neatly perpendicular to the eritical ray. These
veandtonny be combined togive Ay = Al/nk [OF course, if
e ontine toeen external to the sphere had been uniform so
ot v adow woe needed it wonld not be necessary toin

vob s thecs appronimations Then MnE coubld be used as the
Pt patameter e g €21 beesuse of the Fourier
Gt dorsw nropetties ol lens

e b poative reproduc tion ab a photograph of the

Db ancte sottenimge with g bubhble diameter of 215 4+ 0,00
deer o Phe ool indicatesa A relavive to ancarbitrary refer-
cevon Phe tdon ased was P Nowath an exposure time of

IR Fhe teoad vertical dark bands with a characteristic
Py apecesmatels 2mrad G~ 142 are examples of
the nten o e predicted by Bg c8) The concentrie

ool e e taat are centered close to the most central dark
B e anparenthy s aetfaet associated with spurious re-
ectaen ether from the exit window or fram the telephoto
e Ve dark repron on the lett of the fgrare s indicative ol
the tedi tion i mtensity that oceurs when e <0,

A oadensitometer Seans were obtained from two negatives
Cotaaliae o quantitative comparison with the theory.
Fa,oo cvompares the relative intensity inferred from a sean
vinateoe tar o hubhle diameter of 1A 1 0,00 mm, Two
fren o e tets wede used tor each negative to make the

copoaeon withy the theory possible: G The location ef the
foal e conld not be determined experimentally
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FIG. 5 The dashed curve is the smoothed relative inteasity inferred
from a rmicrodenstometer scan of the photograptec negative The bubtile
diameter was 1 65 rmm The sobd curve ey by Erp () whicy e thes
result of the physwal 7Lhes approamation  Two §anameters were adjusted
to tacihtate thus comp nnon

%0 that an arbitrary constant angle was added to the abscissa
of the measured intensity profile to optinize the agreement
with the theory, (0 The abolute intensity coudd not he de
termined experimentally ~o that the experimental imtensity
1, was obtained by multiphing measurements by aeonstant
factor K that was selected to optinuze arreement with Fy.
(30). The magnitude of G was sutliciently sinall that it was
neglected in the computation ol the theoretical prediction <o
that ge* could be used as the prediction. The relationship
between the measured transmittanee of the negative 1 and £,
AR

lo= K@ Vet (a3

where 7 was measured ot an unexposed rogion of the negatise
and the contrast index 3 was estinated fromn manutacturer's
literature to be 0.70 for the conditions of film development,
The 7(n) measurements were smoothed by hand to reduce the
magnitude of the circular fringe artifact o the inferred £,
The scale of the smoothing only Sty exceeded the spaeny
of those fringes. The validity of the procedure was substan
tiated by comparing parallel but distine? scans from the siie
negative,

Figure Hillustrates o close aveecment of the velative post.

tions of the masima and minma of the intensis bands with
those predicted by g cions Phe oo valnes were ealenlated

using Fos G and e withon - Eassiand o oo
Cley and Ste)y were obtauned from table< he go e valoe,

and locations tor the masima and winana were ohtuned from
Fresnel's original tabulation tor the deonpiion of eduee did

fraction (as gueted by Mascari'™H There isoan apparent
discrepancy of thes theory soth the tollowio teatures ol the
measurement: ) there appears to be aditerence ot imten

sities in the region w @ 1 that cannot e exphmed by the
omission of (7 1rom the calenlaton: ta the conplitade of the
intensity oseitlations exceeds thwe preducnons forue 7 200 and,
(i) there s anvnesplained deoprin the imtensity neae e 3
Another negative shows qualitatisely anndor disaeirecinent -
but also asimular avreement tor the location of the masima
and mindmaowih the thearys The aoamriy and qooldite o
meastrements that can be obtamed wathorhe wailable appa

ratus e not adeouoate tor deternmmog theds tereneies ot this
calenlation.
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A comparison of photographs taken with bubbles of dif-
fering radii shows that the angular spacing ol the intensity
oscillation decreases with increasing a, which is expected from
the tormol Fay. €230 Phis decrease is also evident to the eve
it the radius 1voereased as the bubble is viewed throu, h o
telescope tocused onmtimity. Intensity variations similar to
thode displaved in Fips. 4 and 6 were also observed with the
incident polanzationof ) = 1,

V. FINE STRUCTURE IN THE SCA1TERING

Careful examination of the photographic negatives revealed,
insome coses, anconolkition in the intensity periodie in p which
was superimposed on the diffraction stiacture deseribed i
See. IV For exaonple, ascillations in intensity with a period
of appres el anad are visible in the original photo

sraphoc pomt - o fueed e By b Uit is unbikely Shat ths
st bure s intes e the printed version appearing i this
jorrnad vt e e ohvedin Fi D) Fxanipation ot the
nepaloce oot e Tenge spaciye ) decreases with im
Creasn, Coctns i toseope wis used to measure
from the oo o bobhbleswith 1% mm < 20 € 2.2 mm.
The e uling daa oo be fitted by the equation: § =
VN b e v o 0 b e however, it was ditticult to ob
Lt costd e o wrements from each negative hecanse ol
worsc o e s e Lot he oseillations. Energy ansn
ctated st certan e medent with b < b, wall eventually
feave b tebi dneaed waith g~ o From the linearity ot
the cguatees ool vhe maenitade of AL SCis Hkely that the

oscillat.ors e el b the interference of that light with
the critveally oot vod Hehe howeser, the number of reflec.

tione o v doe s e parh ol this interfering Llight has not
beevod oo Floe eparation o the muiorn virtual souree:
for e v N

Sumibae b porced oscillations can be obaerved in the

ranbove wteoe fonm ligd drops with oy > o0y and
monochronc e U tons The author Bas Foand ' e
thett s oo L overely proportional to a and for drops
Toanwaiers A~ 0.6, These tringes were
found to he e e deteetimg icren-amplitnde shape os.

of xylem

cillition o e vo s imete drops sinee changes in the
drop’s Gope oo e o mentar shift in the position of these
Vi, e ancepnont by when the shape of the drop osail-
latedhoe o o e o0 ot actew iz the trmges appeared
to blin teoe L aotbesalbitions of the shape of the bubhle
chonld o co e the de straeture to blues Indecd,
bubbl b o enoteb by room vibirations may hane
bivered e v Cocthe eonegatives where none were o,
seeveb oo o e e tvplendy T30 TPheamibanitc s
andd e i angde seattering swith rindow
seattorite b o b camparing Figo b with photogeaphs
ul the Latie RN RIS I

VI. DISCUSSION

The ernitvcal nede seattering of eight bubbles was phota
praphed, e fobble dianetersowere i the range LG 208 mm
Foch plae cnphs anabae i appearance to P bin Ut the

rngne maten sy doe to the eritical angle is gquiie visible Lo

cither e oo ot podanzation, Consequentiy there s
voemdn ot e tenta the prediction of geometric optie s
near Lo e o essbe Tor o babbles of this size mewater
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Furthermore, the meisurements of the positions of the in-
tensity maxima and tisima, measured relative to an unde
termined angle, are moreasonable agreement with g, (i)
An experimental test of several aspects of this caleulation may
require the use of photortectric detectors heeause of imita
tions in the present appaatus. These include the following:
features: (1) the amphitude of the ringing of the intensity, i)
the absolute positions in the maxima and minima, (i) the rate
of decay of the intensity for e £ 1, (iv) the rang « ol radti for
which Eq. (10} mav be used, and (v) quantitars - wpore.
ments of the interlerence phenomena deseribe o 3 See.
Unfortunately, the largeness of the hubble radi makes at
impracticul to caleulate the Mie scattering.

A brief discussion of this use of the physical optica ap-
proximation is in order.  Surfice wave phenomenat do not
appear to be included in this ealeulation; Fig, Has evidence thas
they are nol needed far an approximate deserniption of thes
observations.  Surface waves can be included 1 the Watsan
transtormation method which has been wsed to tormulate the
scattering from acavity 1A camparison with the reanits
in Fig. 5 has not been performed because of the complicated
nature of predicted scattering amplitude (e 0 Rel 18, s,
(4.92) and (L1000} mdeed, the present author has beenumible
to determine it the ringinge is consistent with those atnplitudes,
A second shortcoming of the approximations presented in
Secs. I HLis that the curvature of the bubble orthogonal to
the plane of seattering is omitted until Eq. (31) where ity
geometric effect is included in the a” factor,

Diffraction may have a mnjor etfect on the {ar field ap
pearance of the eritical angle seattering for bubbles in water
illuminated by collimated white ight. Let ¢ and ¢, 7 denote
respectively o, tor violet and for red light, The dispersion of
water and Fqs (1) and €2) give: ¢ = o7 ~ 17T mrad; eon-
sequently the geometrical seattering (Fig. 18 of Ref. 1), as scen
through a telescope, should appear bluish in the region ¢,.”
< ¢ < ¢/ Tisevident, however, from Fig. 5 that diffraction
smearing of the otherwise abrupt change in intensity for
monochromatic illumination will tend to reduee sigmiticantly
thr coloration predicted by geometric opties

This work was motivated by an investigntion of optical
methods for measuring the refractive index of superheated
liquid drops suspended in immiscible hoot liquids, At sufti
ciently high temperatures, such drops frequently have n, <
n, and they should exhibit eritical angle scattering phenomena
similar to that deseribed for hubbles. Even though the dis.
tinctive critical angle scattering predicted by geometrie opties
is altered by diftraction, n may be intevred from the absolute

1211 J. Opt. Soe. A, Vol 69, No. 9, September 1979

angles of the intensity maxima and minima, provided the
present theory is tound torive the absolute angles when i is
known,
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Paper No. 3

Scattering by bubble in water near the critical angle: inter-
ference effects (P. L. Marston and D. L. Kingsbury) J. Opt.
Soc. Am. 71, 192-196 (1981) [An Erratum, reproduced below,
was published in J. Opt. Soc. Am. 71, 917 (1981). This
notes errors of transcription which are not corrected in

the reprint given here.]

errata

In the caption to Fig. 3 of our japer,! n = % ~ ¢, should be
written n = ¢, — ¢, which is the definition of n given in the text
of our paper. In the line below Kq. (15), 3, = (8/na)2 cos 0,
should be written as 3, = (8 /na)'*/cos .. Also, the top line
of the right-hand column on page 194 should be written as
“... error from using Bq. (22) .. ..
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A physical-optics approximation is derived for light seatiering by diclectric spheres with refractive indices less than
their surroundings, and it is applicd to air bubbles in water. ‘I'he approximation gives the coarse structure in the
seattering when the seattering angle ¢ is near the critical seattering angle ¢, where . ~ 8:3° for bubbles in water.
Diffraction has been observed to be important in the critical region because of an abrupt change in the amplitude
of the reflected wave [P, L. Marston L Opt. Socs Am 69, 1205 1211 (19801, Interference that is due to a refracted
wave produces oscillations in the intensity with an angalar quasi-period of magnitude (Ma)' * rad near o, where
A is the wavelength and a is the radius,  Unlike diffraction related oscllations, the interference oscillations in-
crease in magnitude as forward seattering is approached,  Optical tunneling through bubbles is also discussed.

INTRODUCTION

An approximate description of the scattering of light by large
dielectric spheres may be obtained from ray optics, provided
that the observation angle is not in a region in which wave-
tront diffraction is dominant.! In the ordinary case, in which
the refractive index of the sphere exceeds that of the sur-
roundings, forward scattering, the rainbow, and the glory are
the regions in which diffraction is important.' ¥ In the less.
explored case of n sphere whose refractive index is less than
the surroundings, a new region appears in which diffraction
is important.* This region may be called the eritical scat-
tering region because it is associated with light reflected from
the sphere's surface when its angle of incidence is close to the
critical angle normally associated with total reflection from
plane surfaces.  Diffraction effects in this region have been
observed and described with a physical-optics approximation.”
The purpese of this paper is to diseuss the effect of the in-
terference of the reflected wave with certain rays that pene-

trate the sphere and are refracted to angles in the vicinity of

the critical seattering region. 'This interference leads to a
madification of the previous model that becomes significant
in the critical region when an air bubble in water has a radius
<0.4 mm.

Let the scattering angle ¢ denote the angle of the distant
observation point measured with respect to the direction of
propagation of the incidert plane wave and the sphere's
center, The critical scattoring angle is ¢, = m — 20, where
fl. = arcsin (n ") is the critical angle of incidence and n =
(n,./n,) > 1, n, and n, being, res pectively, the refractive indices
of the outer and the inner media.  Air bubbles in water have
n o~ 43 and ¢, ~ 82.82°, Figure | illustrates several rays
that have a deviation angle ¢ of 50°.  Each ray is characterized
by a parameter p, where p = 1 is the number of reflections
from the internal surface and p = 0 has only an external re-
floction. Rays that enter the bubble below the center line are

indicated with a prime. The angle of incidence measurad
from the surface normal is f,, and the corresponding refracted
angle is p,. Rays with p = 0 have ), <#,.

The previous physical-optics approximation? described the
diffraction of the virtual wave front associated with the p =
Orayonly. It was shown that diffraction is important in the
region [ = ¢, | ~ (Aa)!/? rads, where a is the sphere radius
and X is the wavelength in the outer media; consequently,
diffraction is important near ¢, evenif Ma is quite small, ‘T'he
present paper shows that the interference that is due to the
p = 1 ray leads to a modulation of the scattered intensity as

QO '
”

v/ //
[ 41//

”

0 =

Fig. 1. Ray paths in the scattering plane with a seattering angle ¢
= 502, The number gives the ray parameter o The dashied ray is
forward seattering that is due to tunneling from the reflocted ray und
is discussed in Sec 4.

Reprinted from Journal of the Optical Society of America,
) , Vol 71, page 192, February, 1981 o )
Copyright © 1981 by the Optical Society of Americn and reprinted by permission of the copvright owner
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afunctionof ¢. The p 2 2 rays will be omitted since they lead
to virtual wave fronts much smaller in amplitude than the p
=0and p = 1 wave fronts. The p = 2 ray leads to a super-
posed low-amplitude modclation of the scattered intensity
with an angular period =~ A(Ma), where a/A is the lateral
separation of rays 0 and 2’ after emergence from the sphere.
For an air bubble in water, ray tracing gives A ~ 0.82 with ¢
= ¢, whereas observations close to ¢, (Sec. V of Ref. 4) gave
A =076 £ 0.04, 'The angular period of this modulation is
<«{(Ma)* whena > X The emphasis of the present paper
is on the coarse structure in the scattering; consequently,
primed ravs are omitted. Mie-theory resultsd (to be published
separately) substantiate these approximations in the region
(p, = 40°) < ¢ < ¢, for n = 4/3.

1, DESCRIPTION OF THE VIRTUAL WAVE
FRONTS

Diftraction and interference effects in the scattering are
modeled by first using ray optics to describe virtual wave
fronts pusitioned within the sc atterer. These wave fronts are
then allowed to diffract to the far field. Fortunately, it is not
necessary to express the exact amplitude and phase of the
wave fronts in terms of Cartesian coordinates. This is because
approximate dependences, devived below, justify the use of
the stationary-phase approxin-a.ion in the diffraction inte-
grals,

Figure 2 illustrates Cartesian coordinates used in the de-
seription of virtual wave fronts in the scattering plane. The
origin is chosen to be the point where the reflected ray with
o = 0, contacts the sphere. The positive v axis is the path
of the scattered critical ray predicted by ray optics. ‘The
pusitions of the virtual wave fronts associated with rays 0 and
1 are denoted by the functions vy(u) and v, (), where the u
axis is perpendicular to the v axis and lies in the scattering
plane. Phase shifts of ray 0 that are due to reflection beyond
the critical angle are not included in v but are accounted for
with a separate phase factor in the description of the ampli-
tude, 'The reference phase is selected such that vy(0) = 0,
Ray tracing gives o = ¢y at u = 0, and the leading term in a
Taylor series for 1 is?

Ty = o, (h

where o = —ta cos ) ' "The Taylor series for i+, may be
obtained by including effects of refraction and the change in
velocity within the sphere; the leading term is

vy = Yoewd (2)
4

The resulting wave fronts are shown in Fig. 2. 'T'he caleulation
of the interference of waves 0 and | uses the exac? path-length
difference that is not easily expressed as a function of w.
Fifects of wave-front curvature orthogonal to the scattering
plane will be approximated with normalization factors to he
introduced subsequently.

[ the description of the scattering, it is only necessary to
consider {wo cases with orthogonal incident polarizations,
since the general case may be obtained by a linear combina-
tion.! The subscript f is assigned the value | when the inci-
dent electrie veetor is entirely perpendicular to the seattering
plane and the value 2 when entirely parallel. Waves scattered
to the far field associated with p = Gand p = [ ravs may be
simulated by a wave on the © axis with the following ampli-
tude:

Vol. 71, No. 2/February 1981/, Opt. Soc. Am.

/ p=0 ost

Fig. 2. Positions of the virtual wave fronts for p = G and p = 1
scattering.  ‘The dashed ray is the incident eritical ray that is reflected
to become the v axis. A portion of the hubble's surface is also
shown,

Uy (wt) = hy,, explit= kv, = wt)), 1)

where { = \'—1, w is the frequency, ! is the time, and k =
2r/N. The exp(~ (wt) factor will be omitted subsequently.
Ray tracing and the physical-optics approximation give the
following amplitude factors!#:

hoj = ri(lh), u <o, (4)
hoy =74, u >0, ()
hy, =0, u <0, (6)
hyy= [0 —e 00 VAD.  u>, 7)

where the r; are Fresnel's amplitude reflection coefficients
I . v
for a plane surface,®

sin(p, = 8,)
rit,) = ML__L, , (#)
sin(p,, + 6,))

”» - )
raihy) = B0 = Py) ()
; tan{p,, + 0,

and p,, is the refraction angle predicted by Snells law,
pp = arcsin{n sin 0,)), (10)

The Stokes symmetry relations have been used in the deri-
vation of Eq. (7), where I) is Van de Hulst's divergence factor,!
which may be written?

0 = sin__('l___(;os t

T — e ()
2(1 = (n cos By /cos p)]sin ¢

 is the seattering angle of the p = 1 ray predicted by ray op-
tics,

¢ ="2Up, — ), (1

and « is a positive constant normalization factor determined
subsequently,

The phase shifts® 6, are associated with the (nearly) total
reflection of ray 0 as ,, exceeds 0, (tunneling through large
bubbles can be neglected; see Sec. 4):

Landy/2) = (sin® #y ~ n =1 Yeas ), (o
tan(dy/2) = n¥ tan(d,/2). (1

The 6, vanish when f, = 0, but thev become positive as 0,
exceeds ., which represents an advancement of the p=0
virtual wave front.  (The reader is cautioned that some au-
thors write 6; and 6, with an incorreet sign for their choice of
the sign of w in the time-dependence factor,™)

Approximate dependence of By, on small values of s
obtained by first relating #,, to u for . ~ Oand 0, ~ 1 . This
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leads to the following proportionalities: 1 — hy, o (—u/a)!’?
foru <0, 1, « (u/a)'? foru > 0, and?

d, =~ Bt (15)

where 3) = (8/na)"” cos #. und B, = n¥3,.

2. FAR-FIELD DIFFRACTiON AND
INTERFERENCE OF THE SCATTERED WAVES

et R denote the distance to the observation point from the
center of the bubblc. When R > kn?, the scattering ampli-
tude is proportional to the Fourier transform of U, + U/,
which may be written as f, = fo; + f1,, where

[pi(sing) = f Uy i) expl—tku sin p)du (16)

and n = ¢. ~ ¢. An approximation for f,,; with n > 0, which
was introduced in itef. 4, is to let U/, = 0 for u < 0 because
/s decreases abruptly as u becomes negative. It is not clear
if ray optics can be used to model the virtual wave in the region
in which [8hy ;/du] is large; however, its use leads to the dif-
fraction of reflected energy away from the critical region and
supports the approximation U/, ,(u < 0) = * Most of the
diffracted p = 0 wave in the critical region cotnes from the
virtual wave, where u is small and positive, and an approxi-
mate result is obtained by using Eqgs. (1) and (15) in the entire
positive u domain. The integral may be approximated hy
using the principle of stationary phase!” with the result that
fu, = (Aa cos 0.)'7% gy /2, where !

£nj = explivy,) [Fw) — F(— »)], (17

w= [{a/Ncos 8.]"*sin n, (18}

Yo, = =3,w/2)V(\a cos 0,3 + ﬂ%’l)" s (19)
«

wheir ¢ the first term of Eq. (19) is the phase shift of the geo-
metric ray reflected to ¢ and F'(w) is Fresnel's integral,

Flw) = f“‘ expli(m/2)z%]dz. (20)
0

Whien the observation point is in the critical region, Eq (2)
may be used in the evaluation of f,

= f hy, expl— ilku sin 1+ (kau2/2))idu.  (21)
[

T'he phase of the complex exponential is stationary when u
= @7, where 7 = a cos f, sin . Since h is a slowly varying
function of u, the stationary-phase approximstion may be
used to evaluate Eq. (21) provided that @ is well within the
domain of integration.!” The resuit is fi;, = (Aa cos 8,)1/¢
g1,/2, where

B, = 2h1.,(fh) exp

1(% + y.,,)l +0Na) ™, (22)

k(sin n)*

Y= 2cv

(23)

In Eq. (22) the stationary-phase point that is used in the
evaluation of hy ; corresponds to the ¢, given by Eqgs. (10} and
(12). The use of the stationary-phase approximation breaks
down as n — 0, since & -+ 0; however, this is just where h, , »
0, and the scattering is domirated by the diffracted p = 0

I 1. Marston and D. 1., Kingsbury

wave. Consequently, the error from using Eq. (23) in the total
scattering snould be acceptable even if n is small.

The scattered intensity normalized to that of the geometric
result for a perfectly reflecting sphere of the same size is

I =Yy g+ 80,17 (24)

where the normalization was obtained by noting that |g.,| *
v 2asw = . Theactual intensity is the incident intensity
multiplied by* 1,(a/R)*/4. The value of & in ¥q. (7) is deter-
mined to be 2 by noting that only then does g, ; become the
value predicted by ray optics.” Because of the interference
of the g,,;, the intensity is sensitive to the computation of (v,
= 7v1,). Comparisons with Mie theory have shown that the
phase difference given by Eqs. (19) and (23) is limited in its
usefulness because of errors introduced by Egs. (1), (2), and
(15). The agreement with Mie theory is significantly im-
proved when (v, — 7v1,) is taken to be the exact value pre-
dicted by ray opties!7:

Yo, = Y1, = 2kalecos il = cosfly — n=! cos py) — 6,(00),
(2h)
where 0, is predicted by ray optics to be
floy = (= )2 =0, + (9/2). (26)

To evaluate Egs. (22) and (25) for a given value of ¢, it is
necessary to solv- the transcendental Eqgs. (10) and (12) for
#y and p,. The evaluation of Eq. (24) requires the evaluation
of Egs. (7)-(14), (17), (18), (22), (25), and (26).

3. DISCUSSION

Figures 3-6 illustrate the result of three approximations for
the scattered intensity for an air bubble in water normalized
to the rav-optics value for a perfectly reflecting sphere. In
each figure, n = 4/3. The ray-optics result for a bubble is
equaltol + 24, “whenn 2 0andr; (0y)* when n <0. Itex-
hibits a cusp at the critical angle, which is also evident in the
ray-optics predictions plotted by Davis™ and by Welford.!?
The predictions for the diffraction-only model developed in
Ref. 4 are given by |go,[%/2. The present model must even-
tually break down in the region where n < () hecause of the

2y ka = 10 000

e
n DEGREES

Fig. 3. Three approximations for scattered intensity as a function
of p = ¢~ . with n = 4/3, the electric field perpendicular to the
scattering plane, and ka = 10,000, The dashed curve is the result of
ray optics, which adds the intensities of p = 0 and p = | scattering.
The dotted curve is the diffracted p = 0 wave only and is from Eq.
(17). "The solid curve is given by Eq. (24), which includes the dif-
fraction of the p = 0 wave and the interference of the p = 1 wave.
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2 ka = 10 000

5 ' 0 5 10 5
n DEGREES

Fig. 1. Same as Fig. 3 but with parallel polarization.

ka 1000

n DEGREES
Fig. 5. Same as Fig, 3 but with ke = 1000,

kg 1000

n DEGREES

Fig 6. Same as Fig 5 but Lith parallel polarization,

assumption that g, tw <G =0, Inthe figures, the model
has been extended into that region by evaluating Eq. (24) with
21, (n <) =0, Fresnel's integral Fuw) was evaluated with
a numerical approximation.'

The bubble sizes in these figures are manitest by consid-
ering illumination by a He Ne liser with a wavelength inair
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of 632.8 nm and a wavelength in water A ~ 474.6 nm. ‘Then
ka = 10 000 gives a = 0.750 mm. When measuring the scat-
tering, refraction corrections may bhe required to relate the
scattering angle in the water to that seen by an external in-
strument.*

The diffraction-only theory! predicted oscillations in the
intensity that are homologous with respect to bubble size,
polarization, and refractive index. They decrease mono-
tonically in magnitude as n increases and have an angular
quasi-period S(Ma)2rad. Figure 3 shows that, for j = 1 and
ka = 10,000, interference alters the scattering signiticantly
for n 2 10°,  After the fourth maximum, the oscillations in-
crease in magnitude. It is noteworthy that the quasi-period
of the newly predicted oscillation is also roughly (A /a)!/? rad
|2s may be shown by Egs. (1) and (2)].  Figures 4 -6 show that
the effect of interference is even larger for j = 2 and for ka =
1000. The intensity averaged over a quasi-period is roughly
the ray-optics result. Consequently, for large spherical
bubbles in white light, the ray-optics results are useful except
when w £ 2.5, where ditfraction corrections become essential
(e = 2.5 corresponds to n = 4.4° at ka = 10,000 and n = 14.0°
at ka = 1000,)

The experimental data plotted in Ref. 4 were for ka ~ 10
930 and j = 2. A comparison of Fig. 4 with those data indi-
cates that it is not surprising that the diffraction-only model
correctly described the relative positions of the first four
maxima but that it underestimated the magnitude of the in-
tensity oscillations for n > 3°. A new apparatus has been built
that permits ohservations in the region n > 7°, which was
obscured in the original? apparatus.  Visual observations for
air bubbles with ¢ ~ 1 mm in monochromatic light suggest
that the wagnitude of the intensity oscillations tends to in-
crease with increasing n but, as of the time of this writing,
photographs of a quality to permit quantitative measurements
have not been obtained. These observations preceded and
motivated the present theoretical effort.

The intensities given by Eqg. (24) have been compared with
Mie theory! " with n = 4/3 and ka = 25, 100, 1000, 5000, and
10,000, 'T'he computations were performed using Wiscombe's
Mie-seattering algorithms!® with minor modifications. The
comparision shows” that, for 0 < n < 30°, the coarse structure
is approximately described by Kq. (24). Errors in the pre-
dicted locations of intensity oscillations are tvpically less than
one tenth of a quasi-period, Furthermore, the phase differ-
ence of the scattering amplitudes for the two polarizations
given by Eq. (28) (below) reproduces the coarse structure in
the Mie results.  Equation (24) differs most from the coarse
structure in the Mie results when j = 2. This may be due in
part to its omission of the p = 2 wave, which has a smaller
amplitude for j = 1 than for j = 2, For example, at n = 30°.
the intensities of p = 2, scattering in the units of Figs. 3 6, aie
given by ray opties” to be 0.012 and 0.015, respectively.

Equation (24) does not deseribe fine structure in the Mie
intensities which is most prominent when j = [, This struc
ture has a quasi-period ~ XM ayrad (0L3° for ka = 1000),
which indicates that it could be incluaed in the model with the
addition of p = 2 seattering.  Ray optics verifies that the
amplitude of 2" scattering in the critical region is largest when
7= 1. Except for the fine structure, thd Mie intensities de-
crease gradually as n decreases through zero. The error in .
(24}, with i negative, penerally decreases with ko as diffraction
hecomes more important.”
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Fquation 24 may be converted to the units commonly used
in Mie algorithms through the following transformation:

| S, 1 = (had'l, /4, (27)

where N, are the scattering amplitudes in the usual units}1016

The phase ditference ot Sy and So s needed if the seattering
for arbitrary states of the incident polarization is to be cal-
culated.’1% The phase difference is predicted to be'™

arg(Sy) — arg(S)) = arglgos + 210 —arglgo + 8210,
(2¥)
where arg denotes the complex argument of the quantity in-
dicated. 'The present caleulation uses an exp(= fwt) time
fuctor, whereas the S, are often,"'” but not always," specified
by using exp(+ iwt ), so the right-hand side of Kq. (28) should
be multiplied by —1 tor some applications,

The coarse structure in the seattering, which arises hecause
of the interference of the retlected and retracted light, may
he a usetul experimental tool.  The angular position of the
maxima should shift if there are changes in the size of a bubble
or, for the case of a drop with n, < n,,, it the refractive-index
ratio changes. Shifts in the structure of rainbow scattering
have been useful for detecting shape oscillations in drops!*
and a similar technique could be used for detecting small
changes in the scattering from buhbles,

Diffraction associated with the eritical angle and structured
seattering that is due to interference should also be present
in the scattering by cylindrieal bubbles or dielectrie eyvlinders
with n, <n,. PForacireular eylinder with a symmetry axis
perpendicular to the incident heam, the critical scattering
angle and ray tracing in the seattering plane are the same as
those described here for spheres. "T'he divergence factors used
in the description of the virtual wave fronts differ from those
of a sphere. The geometric optics of a large, perfectly re-
tlecting evlinder! show that (neglecting tunneling) |ho (1 >
M| is no longer constant but is « [sintg/2)]Y, The normalized
magnitude and positions of the intensity oscillations should
difter from those of a sphere.  Critical-angle diffraction and
interference structure should also be present in acoustic
sceattering from fluid spheres and eylinders,™

4. ELECTROMAGNETIC TUNNELING
THROUGH SPHERICAL BUBBLES

The present model has assumed that the reflection is total
whenf, > 0, The existence of evanescent waves within the
hubble wiil, however, frustrate the total reflection, as in the
ciase of plane dielectrie slabs separated by anair gap.”t The
effect of tunneling on nearly total reflection at curved di-
electrie interfaces has heen studied to determine losses [rom
curved optical waveguides™; however, the sense of the cur-
vature differs from that in the present case. The effect of
tunneling through hubbles can be estimated by using the
plane slab results, U in which the gap d is equal to the bubble
diameter and #, becomes the angle of incidence at the plane
surface. The result of this approximation is that the wave
that has tunneled through the Lubble will alwavs he trans.
mitted in the forward direction, The dashed rav in Fig. |
shows the rav transmitted because of the frustrated reflection
of the p = Orav. Foreach p = 0ray with i, > 0 there isa

forward transmitted ray with ¢ = 4, The intensity trans
mittance througha plime gap s found to be of order Ged)y

b1, Marston and D, L. Kingshury

when f, = 0, and it decreases rapidly as f, exceeds 0,
Tunneling should have a negligible effect on the reflection
from a bubble unless ka is small. ‘This conclusion is also
supported by the success of the present model in reproducing
Mie results” when ka = 25,

We are grateful to R. GG, Olsen for his comments on tun-
neling.  Acknowledgement is made to the following organi-
zations for partial support of this research: the donors of the
Petroleum Research Fund, administered by the American
Chemical Souciety; the Washington State University Research
and Arts Committee; and the U.S. Office of Naval Re-
search.
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Miescattering algorithms were used to compute seattered mtensitios and phase difterences Tor air bubbles in
witer. Resultsare plotted as a tunction of the seattering angle ¢on the peneral range ol 30 90° For size parameters
ka ot 25, 100, 1,000, and 10,000 tcorresponding to radii o ~ 1.3 g to 08 mm). As o decreases helow the eritical
seattering angle at X287, the intensity increases and undergoes hrondly spaced oscitlations that are deseribed by
a physical-opties approximation developed by the authors i a separate publication. Mie seattering also exhibits

finely spaced oscillations

INTRODUCTION

Observations of light seattered by air bubbles in water in the
vicinity of the eritical seattering anglet indicate that diffrac
tion is significant, even i the bubble radius @ s as large as
mm. The coarse stracture in the eritieal seattering region has
been described with o physical-opties approximation that
accounts for the diffraction of light reflected from the bubble's
surface and the interference of certain refracted light.” In this
Letter we use Mie theoryt 2 to caleulate far field seattered

intensities and phase differences in the eritieal region of

spherical bubbles in water and compare these exact results
with those of the physical-optics approximation.”  Previous
applications of Mie theory to hubbles emiphasized the caleu
lation of the seattering efficieney factor *and the radiation
pressure.® In contrast with the scattering by spherical
drops, 10 the exact angular stracture iv the seattering by
bubbles is not weil explored.

Consideration of the approximate scattering”” introduces
the features to be expected in the exact Mie results and o
cilitutes the choice of the range and frequeney of the angles
needed for a deseription of the angular structure,. Figure |
ilfustrates several rays with a scattering angle ¢ of 50°, In this
figrure and the Mie computations that follow, the relative re
fractive index i, /n, is taken to be 374, where n,, is the refrac
tive index of the water and n, is the refractive index of the
hubbte contents. Rayvs are characterized by a parameter p,
where p = Tis the number of reflections within the bubble and
=0 has only an external reflection: #, is the angle of inei
dence at the pth vay when it first touches the surface of the
bubble. Whensin® > n,/n, the po= O ravis totally reflected
(the effeets of tunneling and surface eurvature are neglected)
The corresponding condition on the seattering angle of the
reflected rayis o g, ~ R2.82° where o, the eritical scat
tering angle, is related to ny /i, through Fgs, ch and 120 of Ret.
Lo tForair bubbles in seawater, o, may be as Large as S19))
The physical opties approximations! lead to the predictions
of structure in the angular scattering with an angalar spread

of the order of (MO Y rad [~ 144kay M deg]. where N is the
wavelength in the owter medium and k= 25/N. Stracture
with a quasi-period of that magnitude will he referred to as
coarse structure, incontrast (o fine stracture in the scattering
that has a quasi-period i the critical region of less than N a
rad (or 360°/ka). "The fine stracture originates in part from
the interference of the p = 2 rav with the rest of the seattering.
To describe the general eftects of the eritical angle on the
seattering, Mie computations are necded with a spread of |,
= o somewhat larger than (A/a)! 2 with angular steps some
what smaller than M2a to prevent sampling ervors.

COMPUTER-PROGRAM CONSIDERATIONS

The Mie solutions were computed by using the FORTRAN
MIEVO subroutine developed by Wiscombe, ™" chosen in

Fig 1 Rav paths m the seattering plane with o seattering angle ¢

M The number adjacent to each ray gives the ray parameter p
The approsimation given in Ref 22 nchides the interference and
dittraction ol wanves sesocted with ravs 0 and

Reprinted trom Journal of the Optical Society of America,
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prefereace to his faster MIEV T rontine because of the memory
limitations of the HEP 1000 computer svatem used in the work.
We found it necessary to convert all Wiscombe's internul
variables to HI? double precision €01 sipmheant digits), and
we were then able to duplicate his tables™ for seattering by
adrop with i, /n, = LH0 tWiseombie's subroutines assume
B4-digit single precision.h Most comples arithmetic was re

written as real arithmetie bec ause of the absence of con alex
double precision. The logarithnie derivative of the Ri

catti Bessel function, commonly denoted by A, was calon

lated by downward recursion, which is known to be stable,
The program was tested against Wiscombe's tables tor n, /0.,
= 1.3 of the complex seattering amplitudes and efficioney
factors and against the seattering etficiency factors for small
size parameters when n,/n, = 070 as ;o ven i Refs, 7 and R,

Let N denote the number ol terms included in the compu.
tation of the Mie series and N, denote the namber of angles
for which the Mie scattering is computed.  Since MIEVO
uses™ VN = ka 4+ 0050ka) ™ + 2 and Ny, must also be in
creased in proportion to Aa toresolve the fine struc e, exe-
cution time is rovghly proportional to (ka)? for atixed spread
of ingles, Whereas the results for ka =20 reqguired a fraction
of aminute, those tor ke = 10,000, where the angle step size
wis (.000° required 2.5 b for 8000 angles. UThese times were
realized after vectorization ot two N, loops, which speeded
up excention by a factor of approximately 4.

Higher vialues of N than that given in Wiscombe's eguation
above were tested for the bubbie case with ka = 100 and 1000
and found to vield identicat results 1o six decimal places,

I conteast, the physical-optics approximation progrumn wis
executed inseconds, regardless of size parinmeter, Fguations
used in that program are listed a1 the end of Section H of Ref,

+)

RESUITS

Cadeulated intensities 7, as a funetion of the seattering angle
Goare shown in Fips. 2 L The normalization was chosen so
that [ta) = 1 represents perfect rellection according (o geo-
mettic opties, SV At a distanee B > ha” from the center of
the sphere, the actual j-polarized intensity is the incident
i polarized intensity multiplied by Fta /R 78 where j = 1
denotes polarization of the eleetrie vector perpendicular to
the seattering plane and § = 2 the parallel case, The van de
Fhulst normalizationt used in Wiscombe's routines required
that the squared modulus of the seattering amplitude com
puted with a1EvO be multiplied by 2/kay 1o be expressed
in the units of Figs, 2 4

Asisshown in the figures, the exact solution suggests that
atine ripple strocture is superposed upon the coarse structure
that is deseribed by the phvsical-opties approximation. "The
ripples hiave a guasi-period of about 0.82 (N a) rad near o,
decrcasing slightly with o T'o avoid severe distortion re-
sthting fropm saompling ervors, it wis necessary to use an angle
step size fess tham NTa rad, This fine stractuare is due (o the
interference of ravs not included in the approximation, pri-
marilv the po= 2 rav, Consequentiy, the ripples should be
damped ont for bubbles containing o gas that absorbs light,
Fine structure from air hubbles has been observed !

The plots in Fig. 5 show the phase ditference of the seat

tered wiaves

Vol D Nac 3 March 1951 0pt Socc Am, Rt
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a2 Calewdated normnlized scattering intensities for ka = 10,000,
The electrie veetor is paradlel to the seattering plime. The solid curve
i from Mie thearys The dash 7 curve is the phvsical opties ap
proximation poaenin Ret 2

O o= arptSa) - oarglN ), 1

where the 8, are Mie scattering amplitudes for o time de

pendence of expt=rw). where wis the trequency and ¢ the
time. This phase ditference can be used along with £ and 1
to compute the seattered intensity and polarization for arbi

trary states of ancident polarization® "The physical apties
approximation Tor 0 is given by g, (280 of Refl 20 Asis de-
seribed in Ref. 200t was necessary to reverse Lhe sign of o from
the output of the MEENVO progrim because Wiscombe assumes
atime dependence ol expl Hiat),

DISCUSSION

For g > ¢, the agreement with the approximation is best at
low xize parameters where diffraction aceounts for the scat
tering in this region in the approximation.

The conrse -structure oseillations at angles o <o, are similar
to the predictions of dittraction theory, which gives o reflected
intensity proportional to the squared modulus of Fresnel in
teprals (B, (30) of Ret. 1] The first maximum of the re
flected intensity occurs at?

d,o= = LU cos Y T trad)y, )
The Cornu spiral behavior of the Freanel integrals predicts
a decerense i the implitade of these intensity oscilfations with

decreasing o and also a decrease intheir gquasi period, ‘The
amplitude decrease is most evident at buge size parameters
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Fig. 3. Like Fig. 2 but with (a) ka = 1000 and the clectric vector
perpendicular to seattering plane and (b) ka = 100 and the electric
vector parallel to the scattering plane,

(Fig. 2) where the diffraction pattern is less spread out; at
small size parameters the diffraction decrease is lost hecause
of the increasing amplitude of the intensity oscillations as-
sociated with the interference of the p = 1 ray. These oscil-
lations are also of quasi-period <(Ma)"? rad,? diminishing
with ¢. In addition to the j polarizations of Figs. 2 4, the
physical-optics approximation has heen verified for the j not
shown and for both j at ka = 5000. Both the approximation
and the Mie theory predict that the positions of the conrse
maxima depend only weakly on j; the coarse maximau lie
slightly closer to ¢ when j = 1. The approximation predicts
that the intensity variations of the coarse-structure oscilln-
tions are greatest when j = 2, which agrees with Mie
theory.

Mie theory shows that the fine-structure intensity varin-
tions are larger for j = 1 than for j = 2; this is probably because
p = ¥ scattering is greatest when j = 1% For30° < ¢ < 90°,
tho positions of the fine-structure intensity oscillations for
j = 2 are typically shifted from those for j = 1 by one haif of
a fine-structure quasi-period, except when ¢ is slightly less
than ¢,.

It is evident from Fig. 5 that the coarse structure of the
phase difference for Mie seattering roughly follows that of the
physical-optics approximation. This has also been verified
at ka = 25. The gently sloping curve of the approximate re-
sult near ¢ may he understond in terms of the phase advances
6, of the (totally reflected) p = 0 ray; 8y is approximately
(rn,/n,)28, near ¢, "¢ Comparison of Figs, 5 and 3 shows that

JOSA Letters

the maxima in the conrse structure o }6] are associated with
minima in the coarse structure of the 7,0 An anomaly is
present in Fig. d(hi for p ~ 372, Mie computations of [, in:
dicate that 1y is quite small at this anomaly; tor ka = 100, 1,
has a minimum value of 8 X 10 Y in the units of Fig. 3th) at ¢
= 36.706°, The plot of d for ka = 25 reveals a similar anomaly
at o ~ 23°.

The range of hubble sizes associnted with Figs. 2 5 will be
illustrated by considering green illumination with a wave-
length in air of 550 nm and a wavelength in water A of 413 nm;
then ka = 10,000 gives a = 652 m and ka = 2D givesa = 1.6
um.

It is remarkable that the physical-optics approximation
describes the general features of the broad intensity maxima
at ¢ ~ 30° for ka = 20, A stationary-phase approximation
was used in Refs. 1and 2 to eliminate a phase term [§ (= 0)
in Bq. 124) of Ref. 1] from the ditfraction integral.  The
arguments given in Ref. 1 that justilfy that approximation
would appear to break down for ka = 26, The rongh success
of the model indieates that the maximum ean be attributed
in part to the first diffraction maximum and in part to the
interference of the refracted wav associnted with the p = 1
ray; however, 25 may be close (o the lowest value of ka for
which this model is useful.

The principal purpose for developing and testing the
physical-optics approximation® was to see il the conrse
structure in the scattering could be related to the diffraction
and interference of reflected and refracted waves, The madel
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Fig. £ Like Fig. 2 bt with ka = 25 and the electric vector (a) per
pendicular and ) parallel.
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A T S SR |
Pt o W 49 K [ % 115 21
Tlp ke tat, At b
Fuye o Phise ditterence tor the seatterings amplitudes in the two
polirizetion stites lor Gy ke = 1000 and thy ko = 1000 Phe solid curve
e troan Mhe theory and Fooohn Phe dashed earve is the physical
apties approximaton by kg %) al Rel. el

may have practical apphications, however, even though it omits
the fine stracture in the seattering. For exanple, in the
seattering by aspherical polydispersion of bubbles, the fine
strueture would be fost and the conrse structare retained i the
spread of bubble sizes or wavelengths was not too large.
Furthermore, the model may be useful in the design ol in

struments that depend on the seattering of fight by hubbles.
Fxamples include ta) deviees Tor in it optical measturement
of microbubble populations at sea; () laser Doppler ane

mometry of bubbles in figuids: and (o) the detection of bubble
impecfections in glass, Jobnson and Cooke®™ have used (o
to obtin evidenee of o lnck of hubbles at sea with radii of fiss
than approximately 30 gm, in apparent disqgreement with
similar aconstic measurcments, Their instrament made use
of seatteriig with ¢ ~ 90° which is shown by Fips, 3 and 1o

be much smaller for micrabubbles than for a geometric re
tlection from a perfeet reflector. Both the physical optics
approsimation and the Mie theory suggest that bhubble de
tection instraments relving on bistatic seattering should ac
cept Hghtwith oo less than that of the fiest diffraction masi
min os predicted by g, 200 Geometeie optiest gives [, >

Vol T NocU M areh TORVAL Opt. Soce. Am, RIT

1 tor all ¢ < ¢, consequently, it significantly overestimates
the seattered intensity close to g, when ka < 1000,

Retler™ V has attempted to use Hght seattering with ¢ ~
H0¢ to measure the size spectrum of microbubbles in water for
the purpose of testing models of cavitation. References 1
and 1) give angular seattering patterns (reported to be oh-
tained trom Mic theory) with A ~ 06328 pm/1.333 and ¢ =
1.5, 7.5, and 10 gm (which correspond to ka ~ 12,66, 100, and
142, Comparison of the results of our Mie program and
madel show that Keller's patterns ere significantly: thev do
not include fine structure and they incorrectly deseribe the
conrse structure,

We are grateful to Wl Wiscombe for providing the initital
comptiter program from which the program used here was
derived and to H. Medwin for hringing the work of Johnson
and Cooke toour attention, "This research was supported in
part by the Washington State University Research and Arts
Committee and by the Oftice of Navad Research. 11 Mar
stonis an Alfred PoSloan Rescearch Fellow,

* Author to whom correspondence should be addressod.
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SUPPLEMENT TO PAPER NO. 4

This supplement compares unpublished Mie computations (solid curve)
with the physical-optics model from Paper 3 (dashed curve). The refrac-
tive index ratio isni/no = 0.75. The notation is as in Papers 3 and 4
except in Figures S1 and S2 we give the total normalized scattering

1 = (I] + 1,) /2 for the case of unpolarized incident light. For Figures

u 2)

S3 - S5, scattering for the same ka but for the orthogeonal polarization

is given in Paper No. 4; the associated figure from that paper is noted

in parenthesis.

FIGURE CAPTIONS FOR SUPPLEMENT

Fig. S1 Log (base 10) of Iu for ka = 25.

Fig. S2 Log (base 10) of L, for ka = 100.

Fig. S3 I for ka = 100 (see Fig. 3b).

Fig. S4 12 for ka = 1000 (see Fig. 3a).

Fig. S5 I] for ka = 10000 (see Fig. Z2a). See also Fig. 4 of Paper

1 for ¢ from 75° to 85°.
Fig. S6 Phase difference for scattering amplitudes (as in Fig. 5a,5b)
for ka = 25. Note that the model does not give the fine

structure present in the Mie result.
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Paper No. 5

Scattering by bubbles in glass: Mie theory and physical optics
approximation (D. L. Kingsbury and P. L. Marston) Applied
Optics, 2348-2350 (1981).
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Scatlering by bubbles in glass: Mie theory and
physical optics approximation
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One of the causes of light scattering in glass is the pres-
ence of small gas bubbles. In critical applications such as
optical fibers this scattering is not negligible; a microbubble
trapped at the core-cladding interface may scatter a signifi-
cant fraction of the light in the fiber.! Here we use Mie theory
and physical uptics to describe the main features of bubble
scattering in glass. We anticipate that these results will be
useful for the detection of bubbles in quality control appli-
cations.

We are unaware of prior publication of the Mie intensity
for 0- 180° scattering from bubbles in any dielectric. Struc-
ture in the Mie scattering from bubbles can be related to dif-
fraction and interference near the critical scattering angle and
to the Brewster null in the reflectivity of parallel polarized
light. For scattering from a sphere with a refractive index
which exceeds that of the surroundings, the critical scattering
angle is not present; also, the effect of the Brewster angle is
less pronounced.

We approximate the bubble shape as a perfect sphere and
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Fig. 1. Logarithm (base 10) of the normalized scattered intensity

predicted by Mie theory (solid curve) for ka = 100 und the electric

field perpendicular to the scattering plane. The dashed curve is the

physical optics approximation given by Eq. (24) of Ref. 3 which is

useful when scattering angle ¢ is close to the critical seattering angle

e ~ 94°, The approximation fails to describe forward region (4 <
20°) and the backward regin (p ~ 180°),
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assume the glass has a refractive index of 1.46, as does the glass
used in the cladding and outermost core layer of a typical
optical fiber preform. (In the resultant fiber a bubble trapped
at the core -cladding interface is broken up into a sequence of
much smaller bubbles elongated in the direction the fiber is
drawn.!) We take the bubble gas to be air, so that the relative
refractive index n,;/n, =~ 0.685. A bubble is described by its
size parameter ka, where & = 2w /A, A is the wavelength of the
light in the glass, and a is the bubble radius. Here we con-
sider bubbles with size parameters 5, 25, and 100. For A =
0.43 um (which corresponds to 632.8 nm in air for visual in-
spection) ka = 100 gives a = 6.9 um; ka = hgives a = 0.35
um. For A = 0.56 um (0.82 um in air, a typical operating
condition of fibers) ka = 100 gives a = 8.9 um.

If the bubble is illuminated by a collimated light beam, the
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Fig. 2. Like Fig. 1 but with electric field parallel to the scattering
plane (j = 2 scattering).
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Fig. 3. Scattering for ka = 25, Mie theory for j = { (dotted curve
and ; = 2 tsolid curver. Dashed curve is 1y from physical aptic
approximation,




angular distribution of the scattered intensity is described by
Mie theory.® At adistance R > ka® from the bubble center
and a scattering angle ¢, the J-polarized scattered intensity
i given by the incident j-polarized intensity multiplied by
1, (pMaa/R)?/4, where j = | denotes polarization of the electric
vector perpendicular to the scattering plane, j = 2 the parallel
case. 'The normalization of the functions 1;($) is chosen so
that /,(#) = 1 represents perfect reflection according to geo-
metric optics.™  Using a program described in Ref. 5 incor-
porating a modified version of the M1EVO subroutine devel-
oped by Wiscombe,® we obtain the /;(4) functions shown in
Figs. 1-4,

‘The coarse structure in the vicinity of the critical scattering
angle ¢. may be understood with reference to a physical optics
approximation developed hy Marston.?7 Most of the scat-
tered intensity in this region is due to three types of rays which
we denote by the parameters p =0, 1, 2, where p is the number
of chords within the bubble and the p = 0 ray has only an ex-
ternal reflection.'  When the local angle of incidence # satisfies
sinf) 2 sinf). = n,/n, the p = O ray is nearly” totally reflected;
the abrupt boundary of total reflection at 0. results in a far-
field diffraction pattern of this ray. Rays with # < 0, are
mostly transmitted inside the bubble. Rays with p =1 are
refracted twice and interfere with p = 0 rays in the region ¢
< he, where ¢, = 7w — 20, is the scattering angle of rays inci-
dent at #.. Marston's physical optics approximation con-
siders the diffraction and interference of p = 0 and 1 rays.
Small quasi-periodic fine-structure variations ride on the large
quasi-periodic coarse-structure variations and are due mainly
to the interference of certain neglected p = 2 rays (p = 2" rays
in the notation of Refs, 3and 5).  If the average intensity over
an angular range containing several fine-structure variations
is desired, the approximation may be used to predict I; in the
range 20° € ¢ < ¢, = 93.54°, This model breaks down for
small bubbles, as can be seen in Fig. 4, due to its use of the
Fresnel reflection and transmission coefficients of planar in-
terfaces and the stationary phase approximation of diffraction
integrals.

'The physical optics approximation predicts a quasi-period
< (Ma)V? rad for the coarse structure, and a fine-structure
quasi-period of 0.95(A/a) at ., decreasing® with ¢. These
features are clearly evident for ka = 25 and 100, as is the
predicted broad decline in intensity for 4 > ¢. -
aresin| L.2(N  a cosfl, )12 (identified in Ref. 5 as the approxi-
mate location of the last coarse-structure maximum).,

T'he broad minimum in I, near 110° corresponds to light
seattered from the Brewster angle:  parallel polarized light
incident on a plane glass air interface is totally transmitted
when = 3:4.:41° Thus, when ka is large enough to use the
Fresnel coefficients, we expect a negligible contribution to 1,
at o = 180° — 2034.4°) = 111.2° from the externally reflected
(p = 0)ray. This ¢ can also be written as 2 arctan(n,/n;).

For ka = 5 (Fig. 4), the fine-structure quasi-period is ap-
proximately equal to the coarse-structure quasi-period.  The
minimum in [+ at 102° and the slight dip around 45° are the
last remnants of this structure,  As ks reduced below 5, we
find that the scattering pattern approached that of a dipole
radiator, as predicted by Rayleigh scattering theory:  T1(4)
hecomes a lat line, and Ly(p) is symmetrical about a minimum
at Yoo,

We have compared these plots with others made for n,/n,
= (1,75 (air bubbles in water) for the same values of ka and
fouad them, as expected, quite similar. "The most noticeable
difference is the slightly larger quasi-periods for bubbles in
glass. I both cases, the best angles to look for scattering will
he those ;nlgles where® h < . — (M2 Corrections are
sometimes needed? when computing the effective scattering
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Fig. 4. Like Fig. 3but withka = 5.

angle observed by a detector due to refraction of the scattered
light as it leaves the glass and enters the detector.? The coarse
and fine structures present when ka 2 256 may be used to
obtain independent estimates of a. That diffraction is im-
portant at . can be seen by comparing the Mie results to the
geometric prediction,! including only the p = 0 ray, that [;(4,)
= | and with the physical optics prediction that /;(¢.) = 0.25;
the Mie results lie much closer to the laiter than the
former.

T'he result that scattering is best observed when ¢ < ¢ —
{Ma) 2 rad can also be used in certain cases for scattering by
nonspherical bubbles if their approximate size is known. For
example, if the bubble is spheroidal and either the major or
the minor axis lies in the scattering plane, the critical scat-
tering angle predicted by ray optics is the same as that pre-
dicted for a sphere. The diffraction related shift in the first
maximum is roughly (Aa)V2 rad, where a becomes an average
(which depends on the orientation of the spheroid) of the
semimajor and semiminor axes. The details of the coarse and
fine structures will depend on the bubble's shape.

The approach to the scattering described here is to allow
the light to enter and leave the glass via plane surfaces and to
neglect surface reflections.y  Scattering near 90° has been
used to detect bubbles in glass !0 For glasses with n,/n; = 1.5,
e = 96.4° and the Brewster seattering angle is 112.6°. Pre-
vious applications of Mie theory to bubbles ure reviewed in
Refs, b and 11, Approximations for seattering by inhomo-
geneities within fiber waveguides have recently heen pub-
lished "2 bhut these do not deseribe the angular structure for
seatterers with ha 2 1.

This work was supported by the Office of Naval Research.
P. L. Marston is an Alfred P, Sloan Research Fellow.
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Paper No. 6

Description of computer codes for Mie and model computations
(D. L. Kingsbury and P. L. Marston) [This is a slighlty
modified version of an Appendix in D. L. Kingsbury,
"Light Scattering Near the Critical Angle in Air Bubbles
in Water and Glass," M. S. Thesis, Washington State Uni-

versity (1981).]
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Appendix

COMPUTER CODES

Three programs were used to generate our plots. MIESC,

incorporating a modified version of Wiscombe's MIEVO, produced

[P —

the Mie and CRIT the approximation results. The versions given {
here store recults in disk data files wherc they can be accessed

by the plotting routin MIEPL for display on the HP 2847A monitor

1 it L e

or for paper plots on the HP 9872A plotter. All programs are
written in Hewlett-Packard RT-1VB Fortran. CRIT c¢valuates the i

approximation developed by Marston and Kiungsbury (1981).

MIESC

MIESC asks for the followina inputs:

1. REF INDX is the complex relative refractive index n; /n,.

The imaginary part must be non-pc.itive.

2, BETA is the size paramecter ka = 2ma/A, where A is the

waveiength in the outer medium.

3. AST is the smallest scattering angle for which scattering
angle for which scattering functions are computed, DPHI
the angle w=tep zize, and NUMANG = N is the to*al num-

ing

ber of angles.

If NUMANG is even, results are calculated for the angles é

¢i= AST + i(DPHI), 1 = O to NUMANG/2, and their complementary

C e o d e e e L e B



angles (180°- @ ). (If NUMANG = 1, 90° must be the only angle.
If NUMANG = 0, only the extinction efficiency factor Qs 1S

computed.)

For example, if n; = 1.33 - i(.0%), n = 1.0, and scat-
tering functions are desired for ¢ = 40" to 90° with increments

of .5°, one should type in

/.7508,-.0282,40,,.5,101

MIESC then asks for the name and cartridge number of an existing
datafile in which to store the output. What data is stoved
depends on what the output buffer RBUF has been equivalenced to.
In the version included here, each record will consist of three
real numbers giving ¢, I, (), and I, (¢), and the records are
entered in order of increasing ¢, except that the record for

(180° - ¢) immediately fr .lows that for o .

If the phase difference DIFA is not desired, the code

that computes PH1, PH2, and DIFA is skipped.

To bring subroutine MIEVO down to more manageable size,
the original comments were largely omitted. The commented ver-
sion is given in Wiscombe (1979). Most complex variables have
been converted to 2-dimensional arrays or to separate variables

prefixed with "R" or "I." For example, NUM became NUM(1) anu

NUM(2), denoting the real and imaginary parts, respectively, and




r“ s

ZET became RZET and IZET. (This was done because of the absence

of double precision Fortran ih RT=-1VB Fortran.) Most complex

arrays were similary converted to separate arrays for the real

and imaginary components.

Subroutine names prefixed with "DV" refer to functions

in the HP Vector Instruction Set, which considerably speeded up

the execution of two former DO-loops.

To keep the loaded program within a 32K size limit, the

original MIEVO's complex BIGA array was discarded. (BIGA, which
stored the A,, contained as many elements as the number of r

terms used in the Mie series. Thus for ka = 10 000, a total of

2(10 088) = 20 176 double precision must be stored, requiring

161 408 bytes.) Required A, values are instead stored on and

retrieved from a system disk using EXEC calls.

The use of the Hewlett-Packard minicomputer instead of a
regular "pay" computer system was absolutely necessary. Extra-
polation from Table 8 of Wiscombe (1980) indicates a MIEVO exe=-
cution time of over 100 seconds on a CRAY-1 for ka = 10 000 and
NUMANG = 8000. The several size parameters, repeated testing,

and dozens of plots required made our cholice of computer systems

inevitable.




CRIT

Required CRIT inputs are the relat:ive refractive index
RI (now assumed real); the size parameter BETA; PTS and STRT,
which determine the angles for scattering computations; and LAST
ANGLE, the largest PH (¢). N = n,/n; = 1/RI is used to calcu-

late the critical incident angle §,:

THC = arcsin(1/N).

(Arctangents are used in the proyram due to the unavailability
of the arcsin function.) Thes c¢ritical scattering angle 4% is

then

PHC = 7 - 2(THC).

For a given incident anyle TH-THC, the angle PH at which
the refracted ray is scattered is given by an equation derived

using Snell's Law and elementary geometry
IH = 2(arcsin{sin(TH)/N} - TH).
For a desired smaliest PH, one chooses STRT such that TH

= STRT(THC) substituted in the above equation gives this PH.

As CRIT executes, TH is stepped up in increments of
E = (THC - TH,,;, )/PTS. As TH approaches THC the corresponding
step sizes for PH grow steadily. Consequently, at selected

angles TH2, TH3, and TH4, the step size in TH is recduced.
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The function Gl is the geometrical divergence factor

|
;

| Gl

sin(TH) cos (TH)
2|1 -[Ncos(TH)/cos (R)] [sin(PH)

in the expression for the intensity of refracted radiation

(Davis, 1955; van de Hulst, 1957), where R = arcsin(Nsin(TH)).

IP and IS are the intensities of tha2 parallel and per-
pendicular refracted radiation, respectively, computed using
Fresnel's intensity transmission coefficients (1 - FP) and
(1 - FS) for plane surfaces. The coefficients are squared

because this radiation is refracted twice -- at entrance and at

exit.

The variable W is the upper limit of integration on

T ———.

the Fresnel integral used in the reflected radiation calculation

{ (Marston, 1979). Subroutine FRES evaluates this integral using

P a numerical approximation (Abramowitz and Stegun, 1965).

L The phase differences Bl and B2 between the reflected

3 and refracted rays for perpendicular (Bl) and parallel (B2)
polarization have three component:: the phase shift the

reflected ray undergoes at the bubble surface (DEL1 and DELZ),
] the phase path difference ETAC, and a n/4 phase difference aris-
f ing from the curvature of the scattered wavefront, (For the

I reflected ray this phase shift is already included in the Fres-

nel integral.)




CRIT is now ready to compute the scattering functions at

angle PH:

S, = #IS + (INZ)(FC + iFS)exp(-iBl)
S, = IP + (142)(FC + iFs)exp(-iB2)

where FC and FS are the output of subroutine FRES,

MIEPIL,
Output was plotted by program »IEPL using the HP 1000

Graphics package. MIEPL is not included in the program list-
ing which follows.
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Paper No. 7

Glory in the optical backscattering from air bubbles (D. S. Langley
Eng P. L. Marston) Accepted for Publication in Physical Review
etters

Abstract

Observations of light bacrkscattered from air bubbles in o viscous
liquid demounstrate an enhancement due to axial focusiog. A physical=optics
approximation for the cross-ponlarized scatterine correctly describes the
spacing of regular fcatures obscerved, The non-cross-polarfzed scatteving i«

not adequately described by a single elass of ravs,
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The Mie solutionlfor electromagnetic scattering by a sphere frequently

does not lead to direct interpretation of the angular scattering pattern. Con-
sequently, models have been developed to facilitate an understanding of the
structure in the scattered intensity present where intensity is plotted as a
function of the scattering angle ¢ or the size paramerer x = ka (k = wave-~
number; a = sphere radius). These models have emphasized the angular regions

where diffraction is important for a drop of water in air: the rainbow,z’3

3-5 3,6 In the scattering of light by a spherical air

¢ = 180°, and ¢ = 0°,
bubble in a liquid or in glass, the real part of the refractive index of the
sphere is less than that of the surroundings and the models must be signifi-
cantly modified. New phenomena appear, such as diffraction ' in the

region of the critical scattering angle ¢C. Here we report the first detailed

observations of backscattering by air bubbles in liquids and give a model

which describes some of the cobserved features. We refer to this as glory

because, as in the case of drops,3_5 the ¢ = 180° scattering is enhanced when

x 1is large.

Van de HulstB’A gave a partial explanation of the enhancement for cdrops 4
by noting the axial focussing of those backscottered rays which have a non-
F zero impact parameter. When modeling this focussing in the far field, dif-

fraction provides an esscential correction to ray optics because the factor in

1

E the scattered intensity which accounts for geometrical divergence of the rays

% goes to © ag ¢ -+ 180°. Examination of this factor in ray-optics models of ;
} scattering by buhbles9 shows that this w [s not restricted to drops. We have

! modeled the backscattering with a physical-optics approximation. The proce-

dure 1is to (a) compute amplitudes in an exit plane in contact with the bubkble

via ray optics, and (b) allow this wave to diffract to the far field where the

)
distance from the bubble's center R >> ka”.
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Fig. 1 {llustratces several rays which lead to backscattering. The paths

are determined by the number of chords p and m = mi/m( where the retractive
)

T T —

indices of the inner and outer media, n g and m , are taken to be real., Fig., L
{1

18 drawn with m“l = 1.403 which corresponds to an air bubble {n the dimethyl-

siloxane~polymer liquid used in the experiment, All rays satisfy sin® = msinp. Pt

104 (!

; For ¢ = 1807, the off-axis (or glory) rays have v = 0 and p = pwhere:
PP + (2g+2-p)90°, p 1s a non-negative integer (p = 0 for rays in Fig. 1) and
{

m < 1 requires that p > 3. The exfit plane (dashed Tine in Fiy. 1) touches ('

with its normal parallel to the propapation direction of the incident wave.

Our description ol the tield fn the exit plane is facilitated by consid-

; ering the propagation of a wavelet de which Hes close to the backscatiered i

y path. Fig. 1 shows de for p = 3}; it emerpes as curve d'e'. This curve appears ‘

to come from a riny-like source at F known as the foeal eircle in the analo-

/ .
gous p = 2 scattering from drops‘ with V2 = m - 2. The source is ring~like

e 1

because the figure may be rotated around the €CC' axis. The radius of the ring

is b = asinO. After the incldent ray crosses the dashed vertical plane (the

' entrance plane), the progpagation phase delay for reaching the exft plane is

n = ka[l - costh + (1 - cosB)sec(0-R) + 2mpcosp]. The ray crosses the exit

plane at a radius s from ¢' with s/a = sinf - (1 -~ cosfltan(=-6). The !
1

—

.
radius o of arc d'e' follows from the curvature at g = b: o = k(dzn/ds“)

-1 .
all + %(p1-1) “costl) where 1 = tanp/tand, The spreading of the wavelet is

E characterized by q = lim d'e’/de as de » 0 where the bar denotes the arc lenpth.
E An equivalent expression for q s  |limlb ~ s(0))/(b - asin0)| as 0 » 6;

E fts value from L'Hospital's rule 1s of (e - a). Vectors éz (. = 1,2) denote

E orthogonal basis vectors in both the entrvance and exit plancs; 51 is chosen

E parallel to the polarization of the {ncident wave's clectric field Elcxp(~imt).
f Tn the exit plane, the field Eﬁaﬁ of tue outgoing pth glory wave is

computed by applying Van de Hulst's method of first decomposing the fields




r" s s T P,

perpendicular and parallel to the scattering plane.3’4 Exit-plane polar

¥
coordinates centered on €' are (s,y) where Y 1is the angle relative to §
é and & and @ denote local basis vectors. We assume x >> 1 and use 5

1

Fresnel's coefficients rj for the internal reflections where j = 1,2 for
fields parallel to @ and 8, respectively., 1f |s~b| << a, the multiple

internal reflections give:

[} -4 L - 2 i
E; = E;q ° Fexplin + tk(s ~ b)*/20] (1) |

]
where n = u + n(p = p), Fl(W) = clsinzw + czcoszw, Fz(w) = ‘q(c2 - cl)sinZw, j
i

and cj = (-l)p(j-l)rg_l(l - r?). The new phase term u accounts for the
crossing of caustics or "focal lines"; its value isj’ll - (p+g) /2. The rJ g

~

are evaluated at 8: £, = gin(0 - p)/sin( + p), r, = tan(0 - p)/tan(t + P).

The sign factor in Cj accounts for a geometrical inversion (present when

j =2 and p 1s odd) which is not evident in descriptions of p = 2 glory

in drops.3’4

The field EQ at a distant point Q is computed as follows. The left exten-
sion of the CC' axis makes an angle y with €'Q., When y is small and C'Q =

R'>>ka2, scalar diffraction theory and the Fraunhofer npproximntiﬂnl give:

. AR + 1) o ‘
kE. ¢ 2 '
E9~ : LI i ) j SW2 eik(s_b) /Zads (2) !
p 2miR' q * |
2 271 - S 5 ~ Q@ -t
Poa I et o~1ks sinycos (Y &)dw (3)
0

where £ 1s the angle between 61 and the projection of CTG on the exit plane.
In Eq. (2), the approximatlon given by Eq. (1) has been extended beyond its

useful domain in anticipation of ihe stationary phase approximation (SPA) of

~1 L
the integral. Direct evaluation of Fq. (3) gives W (Y,E) = W (y,6,s = b)
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= ﬂ[(cl + CZ)JO(U) + (cl - CZ)JZ(H> cos2f] and wz = ﬂ(cl - CZ)JZ(U) «fn2f where
u = kbsiny. The SPA of Eq. (2) glves the pth glory contribution to the scat-
tered field when kbz/u, and thus x, are large. In the experiments to be
described x > 4000 and the SPA is applicable.

The total fleld may be approximated by summing the Eﬁ from Eq. (2)
with the fields due to axtal reflections and surface waves. Surface wave
contributions should be small for the observed bubbles duc Lo the largeness
of x. To determine which glory and axfal terms are loportant to the total
field, and for other heuristic reasons, consider the L-polarized intensity

12 of the pth field taken alone. The SPA of Eq. (2) plves:

xﬁ s @mxag £ G0 ) (4)

Pyl

2 2 o
where [R = Ila /4R s the total intensity at a distance R = €Q from a

perfectly reflecting sphere of radius @ predicted by ray op(ipﬁ,g 1I is

) 2 3 2 ‘
the incident intensity, and rp " b7 ouwfaTq = b (e - a)/dj. In Eq. (4), R
sl
has replaced R' from (?) and 7y becomes 180° - & because R @ d,

, .o 3,9 29 .

Geometrical optics™’  gives the intensities lp ot separate axlial reflections
‘)

(e.g. p=0 and 2 in tg. 1) whih are proportional Lo a”, The strongest

. . LoVl ? 2
reflection has p = 0 and ¢ = 1; for y = 0, !U - IR(m—I\ /Gt l) waile
w2 . ) L !
10 = 0., Since fp . docvs not depend on 1P o ka and plory terms dominate

the vackscattering when @  {s larpge.

Consdder a bubble with x - 4000 and m = 1.403—]. The strongest plory
terms have ¢ = 0 and p = 3,4, and 5; the I:)/lR for y = 0 are respectively
1.03, 0.43, and 0.16. 7The lé decrease with increasing p  due to the partial
reflections in the bubble. The strongest axial ray glves fé/IR = (0.028. The

{nterference ot the tlelds depends on @ and our Mie computations verify that

the backscattered intensity §s not simply proporticonal to t‘L‘j even for this
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large vaiue of x. The £ = 2 (cross-polarized) scattering is, however,
nearly dominated by the p = 3 glory term. Due to symmetry, %L = 2 scattering
vanishes as Y + C. The Ié(y # 0,£) have maxima at ¢ = *45° and #135° and
they vanish at £ = 0°, #90°, and 180°. Let 1y = b locate the first
maxima of Ii(Y,E = 45°). The largest § = 2 terms have Ii(Yp' £ = 45")/1R =
0.53 and 0.10 for p = 3 and 4. To the extent that p # 3 scattering may be
neglected, the 2 = 2 intensity will be quasi-perindic in v.

We have numerically verified the validity of Eq. (4) by using Debyve':

A

localization principle3’q to modify Mie theory so that only partial waves

] assoclated with p = 3 rays were included in the Mie series. Furthermore, when
Eq. (4) is applied to spheres with certainm > 1, the resulting 1;(Y = ()

agree with the glory "analog'" tabulated in Ref. 11. This analog was derived

by applying the Watson transformation to the y = 0 Mie series.

Fig., 2 diagrams the experiment. A syringe injected bubbles into the

T ——

liquid. The liquid had a high kinematic viscosity (=600 000 cS) and a single
bubble could be cbserved for hours. The laser's power output was 5 mW and the
beam diam was 5 mm. The wavelength in the liquid 27m/k was 632.8 nm/1.403;

31 lay in the splitter's plane of incidence. The camera was focused on ® so

b
4 the photographs recorded the far-field intensity pattern.7’]2 Photographs H

f were made with @ ~ 0.3-0.8 mm corresponding to x - 4000-11000. Exposure times

[ _ were typically 5s for TriX film and a 200 mm focal length camera lens.
Fig. 3 demonstrates that the scattering has roughly the dependence on
£ predicted by Eq. (4); & = 0° corresponds to scattering toward the top of
F | the photographs and y = 0° corresponds to the center of the symmetry., Fig. 3(b)
i shows that the # = 1 scattering for Yy > 0.2° is significantly scronger for

§ £ = *#90° than it is for § = 0. This agrees with the following model results:

5 - -5.2); and (11) for this x,

b (1) (C]/CZ)Z >> 1 (for p 3 we predict cl/c
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v
the Ii depend only weakly on £ and are dominated by the li. One prediction

of Eq. (4) could be quantitatively checked: when both siny = y and u >> 1,

the minima in Ii should be spaced by Ay rad such that kbAy = 7 where for

p =3, b/la = 0.447. Fig. & compares this with the mean spacing of 40 dark

rings lying outside the 9th ring from the center. The error bars combine

uncertainties in measured a and Ay with those of corrections due to refraction

at the cell-air {nterface7 and the tilt of the cell,

rays dominate the £ = 2 scattering. The modulations of the intensity along

+45° in Fig. 3(b) show that other rays contribute to & = 1 scattering
2

E:
since the predicted Ig « [Jo(u)]
In conclusion, backscattering from bubbles can be enhanced by axial

focusing. The number of significant glory terms depends on m., The main

contributions differ from those for water drops where surface waves™ and

other diffraction related turms5 play an essential role. If focusing were

not present, scattering by large bubbles would be <« ]R in the region

(¢c + 10°) < ¢ < 180° where ¢C = 2 cos—lm =~ 89° for m—l = 1.403. We also

find evidence of p = wat

This work was supported by the Office ot Naval Resecarch.

is an Alfred P. Sloan Research Fellow.
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Fig. 4 shows that p = 3
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Fig. Captions

Fig. 1. Rays which contribute to hackscattering. The local angle of inci-

dence 1s 0 and C is the bubble's center.
Fig. 2. Apparatus for observing backscattering from bubbles.

Fig. 3. Photographs for: (a) crossed polarizer (L = 2 scattering);

(b) uncrossed polarize (2 = 1); and (c) no polarizer. The incident polar-

ization was vertical. a = 0.49 mm and x = 6830.

Fig. 4. Measurement = and model for the angul.r separation of the dark rings

in the £ = 2 scattering.
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